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Me parece que la inteligencia no consiste en resolver problemas sino en encontrarlos.  
[It seems to me that intelligence is not about solving problems but  about finding them.] 


















This dissertation consists of three articles. In Section 1, the leading article is The 
Discourse of Bilingual Mathematization. In this research study I first conceptualize and 
then explore bilingualism and experience as cognitive resources for how bilingual 
students mathematize various kinds of problems in Spanish and English. In this paper I 
also raise the concern that, in general, research dealing with bilingual students in 
mathematics has failed to adequately investigate issues that pertain to how bilinguals 
reason in mathematics. This concern is the focus of the article in Section 2, Bilingualism 
and Learning Mathematics: A Literature Review. In this article I review and organize 
literature according to two prevailing views: (a) the view of language as a tool that 
constructs mathematical knowledge and (b) the view of language and mathematical 
knowledge as simultaneously constructing each other. The third article, presented in 
Section 3, is Using What Matters to Bilingual Students in Mathematics Instruction. In 
this final piece I tell my personal experience working with students and their parents as 
they shared with me the students’ direct and continued participation in bilingual 
experiences. I viewed these experiences as opportunities to represent in mathematical 
problems a very important aspect of students’ lives away from school. I conclude this 
article with suggestions for how to use relevant student experiences in mathematical 
problems. Although the reader is advised to read these articles in the order in which they 
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In this paper, students’ bilingualism and multicultural experiences are examined 
as cognitive resources for mathematization. Capitalizing on the view of language as 
action, and on students’ familiarity with certain experiences through direct participation, 
the study includes a conceptual framework, never used with bilingual mathematics 
learners, to investigate how bilingual students organize and coordinate actions to solve 
mathematical problems about familiar and unfamiliar experiences in English and 
Spanish. 
The study used a research methodology to investigate two questions: (a) How do 
bilingual students’ mathematize familiar experience problems and unfamiliar experience 
problems in Spanish and English? (b) What do differences and similarities in bilingual 
students’ mathematization across problems and languages reveal about experience and 
bilingualism as cognitive resources? 
 vii 
Findings show important differences. In problems about familiar experiences, 
students generated more productive actions, more reflective actions, and less 
unproductive actions than in problems about unfamiliar experience. As for the 
bilingualism, students used Spanish and English differently. When solving problems in 
Spanish, they framed actions more socially by including partners or sharing the action 
with partners, whereas in English they framed actions more individually, more 
depersonalized, excluding partners and instead relying on words in problems to justify 
their individual actions. This suggests that reinventing mathematics and themselves as 
mathematical thinkers is part of using their bilingualism and experiences as cognitive 
tools, and attention to how they use each language for each type of problem can reveal 
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SECTION 1: The Discourse of Bilingual Mathematization 
 
Rationale 
 Students’ bilingualism and multicultural experiences are cognitive resources 
neglected in most U. S. schools. In classrooms across the nation, mathematics instruction 
is in English only when a bilingual education program is absent, or it is de facto English 
only in many bilingual education programs, particularly in the upper grades (García, 
2005; Ovando, Collier, & Combs, 2002). This instructional practice ignores children’s 
socially and culturally supported participation in multiple experiences in Spanish and 
English, many of which occur outside of school. This study was motivated by an interest 
to find out about how students employ these neglected resources, bilingualism and 
experience, for the purpose of mathematizating challenging problems in school.  
While students exploit their bilingualism unrestrictedly outside of school, the 
process of schooling has been identified as responsible for subtracting this resource from 
students’ academic lives (Valenzuela, 1999). More specifically, the limited use of 
Spanish in mathematics instruction is an old problem (Sanchez, 1994) that has nothing to 
do with inadequacies of the language for academic purposes. Such limitation is 
ideologically imposed and it contradicts the important curricular principle of allowing 
and encouraging students to use multiple representations for their mathematical ideas 
(National Council of Teachers of Mathematics [NCTM], 2000), since language is a 
resource to frame these representations of ideas. The representation in mathematics 
problems of students’ bilingual experiences is a form of representing an important part of 
them, something that Nasir, Hand, and Taylor (2008) refer to as a sense of themselves  
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and their abilities in these problems. Whether ideologically or practically motivated, 
ignoring students’ bilingualism in mathematics instruction functions as an effective form 
of neglecting the multicultural experiences (and the learning) in which students practice 
their bilingualism, and as an effective way of perpetuating the disconnect between school 
learning and out-of-school learning. Research concerned with this disconnect (Abreu, 
1995; Bishop & Abreu, 1991; Carraher, Carraher, & Schliemann, 1985; Carraher & 
Schliemann, 1985; Lave, 1988; Resnick, 1987; Saxe, 1991) has suggested possibilities 
for connecting out-of-school experiences and mathematics instruction from various 
perspectives, including funds of knowledge (Greenberg, 1989; Velez-Ibanez & 
Greenberg, 1992; Moll & Greenberg, 1990) and culturally relevant mathematics 
(Gutstein, Lipman, Hernandez, & de los Reyes, 1997; Civil, 2002). Making such a 
connection is, however, not an easy process as it involves the risk of trivializing or 
stereotyping local knowledge (Lipka, 2002). Further, although all this research includes 
bilinguals, it does not specify how students’ bilingualism and experiences contribute to 
mathematics learning. Instead, it recognizes the social participatory dimension of 
learning, values non-school knowledge, and generally recommends a similar recognition 
in the classroom. My research, rooted in key principles of realistic mathematics education 
(Freudenthal, 1991; Streefland, 1991; Gravemeijer, 1993; 1994; 1997), uses discourse 
analysis to understand, from the students’ problem-solving discourse, how bilingualism 
and multicultural experiences figure in students’ mathematizing.  
 I use speech act theory as an approach to discourse analysis (Schiffrin, 1994) to 
understand how bilingual students use language “above the sentence or above the clause”  
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(Stubbs, 1983, p. 1); to hear how they produce utterances with meaning (locutionary 
acts); to discern how these meanings have intentions (illocutionary acts) and 
consequences (perlocutionary acts). I use discourse analysis to honor and recognize what 
schooling has ignored for years: the bilingual learner’s use of two languages to achieve 
important mathematical results. I do not use discourse analysis to give them a voice in 
mathematics; I use it to hear that voice that has remained unheard, especially in bilingual 
mathematics education research. Schiffrin (1994) describes speech act theory as 
“concerned with what people ‘do’ with language” (p. 90) and in mathematics learning 
research, there has been a long period of silence about what bilingual students can do 
when they reason mathematically in Spanish.        
 It would be inaccurate to say that previous research has not studied bilingual 
mathematics reasoning, but much of its focus is best described as peripheral to bilingual 
mathematical reasoning. Instead, early research focuses on proving the existence of 
differences across bilingual and monolingual groups. Based on such alleged differences, 
attack postures have claimed that bilingualism was detrimental to intelligence (Darcy, 
1953, Ausebel, Sullivan, & Ives, 1980), while counterattack positions have maintained 
that bilingual individuals possess a cognitive advantage over monolinguals (Peal & 
Lambert, 1962; Palij & Homel, 1987). This comparisons research, far from investigating 
possible effects of bilingualism on mathematical reasoning, has created an unproductive 
divide between bilinguals and monolinguals, unproductive in that it has not contributed 
anything to improve the mathematics education of bilingual students. 
 
 4 
 Concerned with differences of a different kind is the research with students in 
bilingual programs. This research has for the most part sought to prove the academic 
achievement benefits of these programs (Ramirez, Yuen, & Ramey, 1991; Rossell & 
Baker, 1996; Greene, 1997; Thomas & Collier, 1997). Although this research shows the 
superiority of bilingual programs over transitional or monolingual by comparing the 
achievement of students in these programs, it leaves the process of bilingual 
mathematical reasoning uninvestigated.  
As all this research maintains a focus on comparisons and leaves bilingual 
mathematical reasoning uninvestigated, two trends are observed: (a) in high-poverty 
schools in which large numbers of students reported speaking a language other than 
English at home, the average mathematics achievement score of grade 4 Hispanic 
students was significantly lower (221) than that of Hispanic students (244) and White 
students (256) in low-poverty schools in which a small number of students reported 
speaking a language other than English (National Center for Education Statistics [NCES], 
2005); and (b) mathematics education research with English monolingual students 
continues to produce knowledge about how these students reason mathematically in key 
areas such as whole number concepts and operations (Verschaffel, Greer, & DeCorte, 
2007), rational numbers and proportional reasoning (Lamon, 2007), algebraic thinking 
(Carraher & Schliemann, 2007), problem solving and modeling (Lesh & Zawojewsky, 
2007), and geometric and spatial thinking (Battista, 2007). 
 Therefore, it would be inaccurate to characterize early bilingual mathematics 
education research as focused on bilingual mathematical reasoning as a process. Instead,  
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much of its emphasis is on comparisons, as in the early comparisons between bilingual 
and monolingual students or the more recent comparisons of academic achievement 
associated with bilingual education programs and that associated with a host of other 
programs. Rarely has research considered students’ bilingualism and multicultural 
experiences as cognitive resources of great significance for mathematization. The present 
study investigates how students’ bilingualism and multicultural experiences constitute 
cognitive resources as students mathematize problematic word problems (Greer, 1997; 
Staub & Reusser, 1995) in English and Spanish. The study also provides a conceptual 
framework, never used with bilinguals, that explains how the view of language as action 
coupled with students’ familiarity with certain experiences through direct participation  
provides a coherent description of bilingual students’ mathematization. To achieve all 
this, the study privileges the uncommon practice of bilingual mathematization, whose 
neglect in most schools translates as little opportunity for students to reinvent 
mathematics and themselves as mathematical thinkers. Students can reinvent 
mathematics by understanding it from the perspective—personal and meaningful—of 
their own experiences. As students generate and transform their own ideas to a point 
where they take ownership of the mathematical concepts supported by these ideas, they 








This conceptual framework characterizes bilingual mathematization  (a) as a 
process that is influenced by (a) students’ multicultural experiences and (b) students’ 
bilingualism. Although point (a) above has been researched, mainly abroad and with 
monolingual students, it has not been investigated enough with bilinguals. Point (b), on 
the other hand, can only be investigated with bilinguals, and that makes this investigation 
an important and quite novel contribution to bilingual mathematics education research. 
Inspiration for this conceptual framework comes from Mercer’s (1995) socio-
cultural theory of the guided construction of knowledge through talk, particularly his 
recognition that there are no conceptual frameworks for educational research based on 
talk. Frameworks used by previous research on bilingual mathematical reasoning 
followed static views of language (Mestre, 1981; Spanos, Rhodes, Dale, & Crandall, 
1988; Mestre & Gerace, 1986; Dale & Cuevas, 1987, MacGregor & Moore, 1992; 
Olivares, 1996; Rubenstein, 1996) by giving students math problems to solve 
individually and silently. The absence of talk, interaction, and tasks reflecting familiar 
contexts in these studies obscures a more realistic image of bilingual learners, including 
their real cognitive resources.  
Previous research has replicated the concern of cognitive science research of 
identifying preexisting competencies that produce particular actions (Potter & te Molder, 
2005) such as results on math tests, use of solution strategies, or knowledge of math 
vocabulary. This study reverses the order of this concern by analyzing language-
dependent actions that contribute to mathematical performance, in the form of  
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mathematizing, therefore rejecting assumptions regarding preexisting competence and 
instead focusing on actual ways of organizing and coordinating actions. I begin with a 
definition of bilingual mathematization that shows how bilingualism and experience will 
be conceptualized in this framework. 
What is Bilingual Mathematization? 
 In this study, bilingual mathematization is the process by which students organize 
and coordinate actions in response to experiences or problematic situations described in 
mathematical problems in English and Spanish. Freudenthal (1991) suggests that 
students’ own experiences must be “organised and mathematised by the learner” (p. 51, 
emphasis added). Similarly, Gravemeijer and Doorman (1999) view mathematizing as 
“organizing from a mathematical perspective” (p. 116, emphasis added). Besides 
organizing actions, my definition of mathematization includes coordinating actions to 
indicate that students mathematized in small groups in this study. 
Mathematical modeling is another way to refer to mathematizing, especially when 
it is viewed as a process of translating reality into mathematics (Freudenthal, 1991). For 
Gravemeijer (1993), having experiences with familiar situations helps students to 
construct mathematical models that emerge from the students’ own common sense 
reasoning. Similarly, Lesh, Hoover, Hole, Kelly, and Post (2000) recommend that 
“students to try to make sense of the situation based on extensions of their own personal 
knowledge and experiences” (p. 619). 
In this framework, action refers to the influence that students exert through their 
Spanish and English languages on their own as well as their partner’s constructions and  
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understandings. These actions emanate from the students’ understanding of the situations 
described in the problems. Whether students understand a problem as analogous to 
problems practiced in school, or identify a situation described in a problem as one they 
are familiar with through direct participation, the situation described by a problem is the 
basis for initial action by the student; the situation is the starting point (Blum, 1993).  
Levels of Mathematization 
Treffers (1987) distinguished between two levels of mathematization. Horizontal 
mathematization implies staying connected to the source of reality, and vertical 
mathematization implies gaining greater distance from the source of reality, by 
employing mathematical tools created during the learning process (e.g., symbols, 
diagrams, and models). Later, Freudenthal (1991) distinguished these levels as: 
“horizontal mathematisation leads from the world of life into the world of symbols. In the 
world of life one lives, acts (and suffers); in the other one symbols are shaped, reshaped 
and manipulated mechanically, comprehendingly, reflectingly; this is vertical 
mathematisation” (p. 41-42). Freudenthal illustrates these levels with an example: 
When dividing a number of objects among a number of persons (dealing playing-
 cards to players around a table, for instance), one can start by distributing the 
 objects one by one, or by distributing an equal number of objects to each person, 
 continuing until the objects are exhausted; this is horizontal mathematisation of 
 the distribution problem. Vertical mathematising can be seen in the search for 
 increasingly large shares (eventually as large as is convenient) in order to shorten 
 the process. This process is a conspicuous example of progressive schematising 
 (in the present case, progressive algorithmising, eventually directed towards the 
 standard algorithm of long division) (p. 43). 
 
The distinction is not meant to suggest superiority of one kind over the other, as 
Freudenthal himself admitted. In fact, the widespread practice of ignoring students’  
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bilingualism as a cognitive resource and using “artificial textbook problems” (Blum, 
1993; Carr, 1993; Bell, 1993) with little connection to students’ multicultural experiences 
makes horizontal mathematization a particularly desirable level for bilingual students, 
because this level brings back the common sense dimension of learning mathematics.   
In the following sections I explain how bilingualism and experience are cognitive 
resources that contribute to bilingual mathematization, as well as how they are related. 
Bilingualism as a Cognitive Resource 
The kind of bilingualism that matters for mathematization does not focus on the 
individual, as traditional definitions of bilingualism suggest. Instead, it is the kind that is 
used with others and it is inseparable from the students’ multicultural experiences. It is 
precisely the kind of bilingualism that instruction neglects. In the next example, two 
students practice this bilingualism to try to understand the mathematical task.  
Linda:  Porque, [[you know, you’re getting messed up with the Spanish, right?]]  
Luis (shakes head): With the question.  
Linda:  With the question, well, dice, ¿verdad que tú sabes que nomás existe paquetes de 
24 y de 12? (Luis nods). OK, pueden existir uh (looks up) creo que deberíamos uh 
mult- uh, skip count (gestures jumps with hand) no sé como se dice, skip count 
por 12.  
 
First Linda asks Luis if he is having difficulty understanding the problem in Spanish, but 
when Luis shakes his head, he establishes his bilingualism and when he says he is having 
difficulty ‘With the question,’ he is distinguishing between his difficulty with 
mathematics and his already established bilingualism. Linda uses this important 
information to focus her explanation on the question, by reminding him of an experience  
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that is familiar to both of them. She is helping Luis understand the mathematics of the 
problem, not the language of the problem. 
Bilingualism is a cognitive resource because (a) it allows bilinguals to make 
language choices in response to the need to communicate mathematical ideas, (b) it 
allows students to put communicative acts that are culturally aligned with language 
practices (ways of saying things) at the service of expressing important mathematical 
ideas, and (c) it connects students with social practices.  
Controlling the selection of the language mode, for example English monolingual, 
Spanish monolingual, or English-Spanish bilingual mode, according to the demands of a 
particular interaction (Weinreich, 1966; Hasselmo, 1970; Clyne, 1972; Baetens 
Beardsmore, 1982), is a cognitive process unique to bilinguals. In mathematics, research 
has shown how students use code switching as a resource for communicating 
mathematical ideas (Moschkovich 1999, 2002; Dominguez, 2005). For example, 
Moschkovich (2002) describes the case of students Marcela and Giselda who code switch 
as they discuss whether changing the graph of line y = x to line y = 0.6x would change the 
steepness of the line. Giselda code switches from English to Spanish to provide a realistic 
interpretation of the concept of steepness and convince Marcela of her argument: “Porque 
fíjate, digamos que este es el suelo. Entonces si [y = 0.6x] se acerca más, pues es menos 
steep” (Because look, let’s say that this is the ground. Then if it [y = 0.6x] gets closer, 
then it’s less steep)” (p. 204). The switch to Spanish to achieve the mathematical goal of 
making a convincing argument illustrates how code switching is a purposeful process  
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through which bilingual students achieve results that matter for their mathematics 
learning.    
Bilingualism can be a cognitive resource because it provides students the 
opportunity to transfer culturally-determined ways of saying things but to support their 
need to communicate powerful mathematical ideas. For example, Turner, Dominguez, 
Maldonado, and Empson (2007) show an example of a bilingual student (Miguel) whose 
important mathematical contribution in Spanish “Cada tacita de agua vale por dos de 
limón.” [Each cup of water is worth two of lemon] is culturally appropriate in Spanish 
(its structure parallels the structure of a culturally-specific saying ‘Hombre prevenido 
vale por dos’ literally ‘He who prevents is worth two men.’) and it also communicates the 
important mathematical content of ratios and proportional thinking. Clearly, Miguel 
draws upon a cultural communicative act and recharges it with the mathematical meaning 
that he needs to communicate. Later in this interaction, Miguel’s contribution was 
appropriated by other students.  
Finally, bilingualism is a cognitive resource because it connects bilinguals with 
real problem solving practices of other bilinguals and monolinguals. Through these 
connections bilingual students can enrich existing problem solving behaviors. For 
example, in school students may seek more collaboration when solving a problem in 
Spanish than in English as a result of practicing similar collaborations at home, for 
example by asking for help to a Spanish-speaking parent. The same students may seek 
less collaboration and instead exhibit a more private, independent behavior when solving 
a problem in English, again as a result of practicing this kind of behavior while operating  
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in the English monolingual mode in the classroom. How students engage with problem 
solving in English and Spanish reflects their beliefs, and as Lampert (1990) remarked, 
“beliefs about how to do mathematics and what it means to know it in school are acquired 
through years of watching, listening and practicing” (p. 32). 
Although most U. S. schools do not recognize bilingualism as a cognitive 
resource, research in non-school contexts shows that bilingualism positions bilingual 
individuals in situations where they achieve important things, such as contributing their 
knowledge of two languages as they translate for other family members (Valdés, 2003), 
reporting with pride their perceived identity as helpers for monolinguals (Diaz Soto, 
2002), and as helpers of other less bilingual children in after school mathematics problem 
solving sessions (Barwell, 2003).  
Experience as a Cognitive Resource 
In this study experience refers to the students’ degree of familiarity (hence of 
understanding) with specific situations described in problems. This definition requires the 
following distinction between familiar and unfamiliar experiences. First of all, 
experiences do not come pre-packed as “familiar” or “unfamiliar” to students, or as if 
students know everything about some experiences and ignore everything about others. 
Halliday and Matthiessen (1999) insist on “treating experience not as knowing but as 
meaning; and hence as something that is construed in language” (p. 1). Degree of 
familiarity is established as a result of students interacting with the experience described 
in the problem. Therefore, an experience becomes familiar if students understand both its 
content/sense through direct participation in its occurrence (Bakhtin, 1993). Since they  
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participate regularly in its occurrence, they understand its content and its sense. An 
experience becomes unfamiliar if students only have heard about its content/sense 
secondhand; that is, they have not directly participated in its occurrence. It is the 
experience of others, in other words. 
Experience can be a cognitive resource when students use the content/sense of an 
experience to enhance their own and their partner’s mathematical understanding. This 
role of experience as supporting understanding is suggested in related literature. For 
example, Halliday and Matthiessen (1999) view experience as a resource for 
understanding. Greeno, Collins, and Resnick (1996) argue that experience in the form of 
schemas makes problem solving more efficient as students make use of what they already 
know. Cameron, Hersch, and Fosnot (2005) prefer to theorize about contexts, a slightly 
different concept but related to experience in that both concepts frame students’ 
familiarity with certain situations in the real world. According to Cameron et al., contexts 
function as frameworks that “stretch student thinking” or as “a tool to ground student 
thinking” (p. 41). For example, in a study on a group of 8- and 9-year-old Greek 
elementary students constructing a model for a vacationing village for kids their same age 
but from other countries, Athanasopoulos, Patronis, Potari, Spanos, and Spiliotopoulou 
(1993) describe how students used what they know from this out-of-school experience to 
make sense of this activity. According to this study, the real-life familiar experience 
(students themselves lived in a tourist village) “allowed us to investigate the role of the 
children’s personal experience in the modeling process” (p. 63). The authors explain that  
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this familiar experience facilitated the development of the modeling process, as well as 
children’s cooperation and communication of ideas and mathematical conceptions.   
 Experience is an important resource for mathematization in school because it 
counteracts the emphasis from traditional mathematics instruction to use other people’s 
models (e.g., textbook algorithms) and therefore other people’s meanings. Using 
students’ familiar experiences in mathematical problems is intended to aid students in the 
process of developing their own models and their own meanings. It is therefore expected 
that as students interact with an experience represented in a problem, the schemas of what 
they already know (Greeno, Collins, & Resnick, 1996) will stretch their thinking 
(Cameron, Hirsch, & Fosnot, 2005) to include possible (and practical) ways to operate on 
a construction (ways to operate that make sense!). Finally, as students interact with 
experience, they can ground abstract (distant) meanings into practical (closer) meanings 
and make sense of otherwise distant meanings. Experience can help students connect 
what they know to what they could know in mathematics and thus develop a sense of 
themselves as mathematical thinkers.  
Besides facilitating understanding and stretching student thinking, experience 
permits the kinds of connections that allow students to believe in themselves as problem 
solvers who can substantiate their mathematical knowledge with real world knowledge, 
or vice versa. Gravemeijer (1993) argues that students who mathematize familiar 
situations are less likely to produce actions that drift in the air because they can always 
refer back to what makes sense in a familiar experience throughout the entire 
mathematization process, from model building to making connections. So they can safely  
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venture out to mathematize the situation and check the products of their mathematization 
efforts against the original situation. 
 Finally, experience should not to be confused with funds of knowledge. Although 
both approaches consider the kind of out-of-school knowledge that is ignored for the 
instruction and learning of mathematics, they differ in fundamental ways. Funds of 
knowledge refers to strategies, abilities, and ideas that develop as part of making a 
household function, and because students are part of the household, they share in this 
knowledge (see Greenberg, 1989; Velez-Ibanez & Greenberg, 1992). Experience, on the 
other hand, refers not to the domain of the household or the community, but to the 
personal domain of the student. More importantly, experience is a more personal 
possession of the student than funds of knowledge. Put differently, funds of knowledge is 
concerned with the individual in relation to community knowledge; experience is 
concerned with the individual in relation to what matters to him or her. This difference is 
important because we cannot assume that what matters to students also matters to their 
communities.  
Two Conjectures About Bilingualism and Experience 
The previous discussion explained how bilingualism and experience are cognitive 
resources for mathematization. I now develop two conjectures about their effect on 
bilingual mathematization.  
Conjecture 1: In some form (as language choice, as transferring cultural ways of 
saying things to expressing mathematical ideas, or as connecting with other students’ 
problem solving), students’ bilingualism will influence how students organize and  
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coordinate actions for mathematization. Any observed differences in how they 
mathematize in each language will not be the result of unequal proficiency or due to 
inadequacies inherent to a language but the result of different ways of practicing their 
bilingualism in and out of school. This conjecture will be addressed with findings. 
Conjecture 2: When students solve mathematical problems about familiar 
experiences, they will organize and coordinate more productive actions than when they 
solve problems about unfamiliar experiences. Conversely, when they solve problems 
about unfamiliar experiences, their efforts to organize and coordinate actions will result 
in more unproductive actions than when they solve familiar experiences (later, the model 
shows this conjecture). Additionally, the experience of learning mathematics in scripted 
ways at school is likely to influence how students organize and coordinate actions in both 
familiar and unfamiliar experience problems. This conjecture will be addressed with 
findings. 
Relationship Between Bilingualism and Experience 
 Outside of school, students practice their bilingualism as part of their natural 
participation in multicultural experiences. In this natural context, bilingualism and 
experience are therefore related phenomena. But the school’s restriction of students’ 
bilingualism and reduction of experience to textbook problems with weak or no relation 
to students’ familiar experiences disrupt the otherwise natural relationship between 
bilingualism and experience. In a recent after school mathematics program in a Chicago 
public school, I saw an example of this inseparableness of experience and bilingualism. 
When students were solving problems presented as worksheets, they resisted using  
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Spanish despite the researchers’ insistence. But when the curriculum changed to projects 
involving making recipes (to explore proportional reasoning) and interacting with 
mothers, researchers did not have to remind students to use more Spanish: they started 
speaking it spontaneously. Therefore in this framework I assume that bilingualism and 
experience are still two naturally related cognitive resources that affect mathematization.  
Since experience and bilingualism are two related phenomena, this study 
investigates their combined effect on (a) the kinds of actions (locutionary force) that 
matter for understanding students’ mathematization and (b) the quality of these actions 
(illocutionary and perlocutionary force) that matters for understanding students in 
mathematization. In the following sections, I provide examples of these three forces to 
explain which actions matter for mathematization and how they are performed by 
students. 
Language as Action: Understanding Students’ Mathematization 
 The view of language as action is consistent with the more general theory of 
speech acts (Austin, 1962) that views language as fulfilling a number of sociolinguistic 
functions (requesting, persuading, inquiring, warning, etc.). According to this theory, 
every utterance can be analyzed, within its occasion, for three kinds of forces. Austin 
describes the gradual evolution of the force of an utterance as he distinguishes “the 
locutionary act ‘he said that…” from the illocutionary act ‘he argued that…’ and the 
perlocutionary act ‘he convinced me that …’” (p. 102). The locutionary force is simply 
the act of saying something. Revisiting Moschkovich’s (2002) example of Giselda and 
Marcela, the locutionary force in Giselda’s utterance is to make a comparison between  
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the x-axis and the ground, or to show which line is steeper: “Porque fíjate, digamos que 
este es el suelo. Entonces si [y = 0.6x] se acerca más, pues es menos steep” (Because 
look, let’s say that this is the ground. Then if it [y = 0.6x] gets closer, then it’s less steep)” 
(p. 204). As the act of saying something, I use this primary level of force to code what 
students say, as observable behaviors. This coding generates a ‘map’ of all the actions 
that students organize and coordinate toward mathematization. Some of these will be 
productive in terms of facilitating the mathematization process, and some will be 
unproductive. The goals of mathematization (e.g., to develop and operate on models) 
provide a measure of the productivity of actions (do they do the job?).  
Productivity, therefore, answers the question: What do these actions do for 
mathematization? An action is productive if it contributes to transforming a non-
mathematized situation into a mathematized one. For example, in a problem about 
making ice cream sandwiches with 4 packs of cookies and 19 cookies in each pack, a 
student familiar with this experience will use what makes sense within the experience, 
which is forming an ice cream sandwich with 2 cookies. Among many possibilities, the 
student may say: “I’m going to count by 2’s in each pack to see how many I can get.” 
This observable action could be labeled as “to describe an emerging plan” and it 
exemplifies a productive action because it will bring the student a step closer to a 
solution. An action is unproductive if it fails to contribute to transform a non-
mathematized situation into a mathematized one. A student unfamiliar with the 
experience (and used to relate numbers in a trial and error process) may fail to see that it 
takes 2 cookies to form a sandwich, and therefore begin a trial and error association  
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between the given numbers 4 and 19, for example 23 (from 19+4). Again, this observable 
action could be described as “to combine numbers in random operations” and it 
exemplifies an unproductive action. Finally, an action is reflective if it facilitates making 
connections between the informal knowledge the student used to solve a problem and the 
mathematical properties of the solution. For example, upon solving this problem, a 
student may say that the number of ice cream sandwiches is half of the total number of 
cookies because it takes 2 cookies to make 1 sandwich.  
Language as Action: Understanding Students In Mathematization 
The focus of the other two forces in speech act theory is not on describing 
utterances but on what happens to the utterance in interaction. Austin (1962) proposes, 
“Unless a certain effect is achieved, the illocutionary act will not have been happily, 
successfully performed (p. 115). Illocutionary force is the act performed in saying 
something (an attempt or intention), and the perlocutionary force is the act performed by 
saying something (its consequence). Following Moschkovich’s (2002) example of the 
locutionary act ‘to compare’ or ‘to show’ given above, the corresponding illocutionary 
act is one charged with an intention: In this case, Giselda’s intention is to persuade 
Marcela of her mathematical argument. The corresponding perlocutionary act is charged 
with a consequence: In the same example, one possible perlocutionary force is to 
convince Marcela that the line of y = 0.6x is less steep than the line of y = x. The 
consequence is the modified behavior of the interlocutor. There is not one single path in 
which these three forces relate to each other. In other words, the act of persuading is one 
among many possible illocutionary forces and the act of convincing is also one among  
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many possible perlocutionary forces. These forces, however, shaped as they are by 
speakers in interaction, can be used as indicators of how bilingual speakers organize and 
coordinate actions (utterances) in English and Spanish. That is, with what force, 
conviction, imagination, animation, criticalness, and in general with what level of 
involvement do students generate these actions in each language.  
Therefore the study focuses on students’ utterances (a) to see what students 
achieve with them, and (b) to appreciate how they achieve it. For example, a classroom 
characterized by direct instruction and little student interaction is likely to be as saturated 
by locutionary, illocutionary, and perlocutionary acts as is a classroom characterized by 
mathematical discussions and abundant student interactions. However, what sets one 
classroom apart from the other are the intentions (illocutionary) and consequences 
(perlocutionary) on student learning.   
A Mathematization Model for Bilingual Students 
The general structure of the model shows that bilingualism and experience 
influence one another. This mutual influence is definite outside the school, and disrupted 





The model also shows that bilingualism and experience contribute to mathematization.  












The model shows that Spanish is on an equal footing with English. This indicates 
the students’ bilingual proficiency. However, it does not mean that the quality of their 
individual contributions to mathematization is identical. As discussed in the framework, 
each language, when intersected with each experience, will generate a unique 
combination of illocutionary and perlocutionary forces that will describe how students 
use Spanish and English for mathematization.  
According to the model, all other things being equal, familiar experiences are not 
on an equal footing with unfamiliar ones. Here is why. When students solve problems 
about familiar experiences, they will organize and coordinate productive actions, that is, 
actions that will produce a student-generated model. Students will continue operating on 
this model with tools of their own invention until they solve the problem. The arrows in 
upward direction indicate the mathematization process and the arrows in downward 
direction indicate the process by which students reflect on a mathematized solution 
according to the original situation or experience. Unproductive actions can still occur but 









instruction not focused on mathematization (e.g., key word approach, artificial or 
unchallenging problems). Productive actions are indicative of robust understanding of the 
problem. Familiarity with an experience enhances understanding.   
 Conversely, when students solve problems about unfamiliar experiences, they will 
organize and coordinate actions that are unproductive for mathematization. As the model 
shows, these actions “drift in the air; they are not connected with informal knowledge or 
anchored in familiar situations” (Gravemeijer, 1993, p. 54). Unproductive actions 
indicate a disconnect between making sense and problem solving, reflected by a focus on 
surface features of the problem (Ben-Zeev & Star, 2001; Schoenfeld, 1985). That these 
actions are more likely to occur in the unfamiliar experience problems can be explained 
also by instruction not capitalizing on mathematization but also by the lack of familiarity 
with the content and sense of the experience. Also, unfamiliar experiences make difficult 
the process of reflecting on a solution according to the realness of a situation, hence the 
absence of arrows in downward direction.    
So far I have provided an overview of the general orientation in bilingual 
mathematics education research to make more urgent the need to investigate bilingualism 
and experience as cognitive resources for bilingual mathematization. My study addresses 








I. How do bilingual students’ mathematize familiar experience problems and 
unfamiliar experience problems in Spanish and English? 
II. What do differences and similarities in bilingual students’ mathematization across 




This study was designed to understand rather than to predict (Lincoln & Guba, 
1985) the possible contributions of bilingualism and experience to bilingual 
mathematization. These contributions, analyzed through speech act theory (Austin, 1962) 
and its main focus on language as action, can be taken as a challenge to the troubled 
relationship between bilingualism and experience in school mathematics. With these 
issues in mind, I developed the following methods.  
Participants 
 Participants were 21 students (five in grade 4 and sixteen in grade 5) nominated 
by two teachers for their adequate level of bilingual proficiency in mathematics. This 
criterion was important since, as Potter (1998) indicates, “knowledge of a language, 
which itself is a tremendously rich reservoir of ethnographic understanding, is a 
prerequisite for any analysis of conversation or discourse” (p. 31). I interviewed a total of 
10 groups: 9 pairs of students and 1 group of three students (n=21) solving a set of eight 
problems. The group of three students resulted from the fact that of the original 22 
participant students, one changed school before the problem-solving interviews started. I  
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asked teachers to form these groups so as not to have one student do most of the talking 
during the interviews. Interviews were conducted in small groups to appreciate how 
students organize and coordinate actions that influence their own understanding as well 
as the understanding of their peers.  
Instruments 
 Instruments were designed to elicit the perspective of participants (students and 
parents) by letting them talk about experiences that matter in their lives and then use this 
knowledge to generate problems. Participants talked about experiences relevant in 
students’ lives (Parent Interviews) and also identified artifacts regularly used by the 
student (Parent-Student Interviews). Then in small groups, students entered into 
mathematical conversations as they solved problems about their own experiences 
(Problem-Solving Interviews), using Spanish and English during these conversations. 
Following are detailed descriptions of these instruments.  
Parent Interviews (Home). 
I interviewed students and their parents in order to establish experiences that were 
common, relevant, and meaningful to all students, and later represent those experiences 
in challenging mathematical problems. To conduct these interviews, I visited the homes 
of the 22 participant students for a period of about 2 months. In most cases, I interviewed 
one parent per child (in some homes, both parents participated in the interview) for about 
2 hours and asked the parent to identify activities, events, hobbies, and responsibilities in 
which the child participated outside of school, with the family and without the family, 
and the language(s) the child preferred to speak in those activities (Appendix A).  
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Child-Parent Interviews (Home). 
After the parent interview, I asked the child to join for a child-parent 
conversation. During this part, I asked both parent and child to think about at least three 
artifacts the child used regularly either at home or away from home. I asked where the 
child used the object, when, if someone has taught the child to use it, if child could show 
me how to use it. These interviews were all in Spanish (Appendix B), except for one 
parent who requested to be interviewed in English. The purpose of this interview was to 
link the use of objects to additional activities not recognized as such in the first part of the 
interview but that were significant in the child’s everyday life. To use experience as a 
cognitive resource, I first had to find out about students’ familiar experiences through 
these interviews. 
 Preparing Challenging Mathematical Problems. 
Researchers have recognized the need to respect and use students’ out-of-school 
experiences (Moll, Amanti, Neff, & Gonzalez 1992; Civil, 2000; Gutstein, Lipman, 
Hernandez, & de los Reyes, 1997) as well as the need to intervene in order to impart 
mathematical treatment to those experiences (Hiebert, Carpenter, Fennema, Fuson, 
Wearne, Murray, Olivier, & Human, 1997; Lampert, 1985). Also, research has shown 
that trusting students with transforming personal or critical experiences into mathematics 
tends to produce, at best, only the possibility for more rigorous mathematics (Turner, 
2003; LoCicero, Fuson, & Allexsaht-Snider, 1999). Conversely, when experience is 
minimized in favor of mathematical rigor, some students may learn mathematics with 
limited meaning (Carraher & Schliemann, 1985; Hiebert & Wearne, 1986).  
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To deal with the challenge of using students’ familiar experiences without 
neglecting important mathematical concepts, I represented their familiar experiences as 
stories in mathematical problems with no immediate solution (Blum & Niss, 1991). By 
interviewing parents and students about their personal interests, hobbies, and 
responsibilities, I viewed these experiences as a source of mathematical ideas. By writing 
the problems for students to solve, I viewed experience as a domain of mathematical 
application (Streefland, 1991). 
For example, activities that were common across students’ out-of-school 
experiences included playing videogames in English, preparing simple meals such as 
scrambled eggs for younger siblings when the mother was at work, reading a book in 
English to someone at home as part of their reading homework, and decorating their 
classroom for various festivities including día de los muertos and 16 de septiembre. I 
used these experiences to write the following problems. 
Table 1.1 shows the first two problems with similar mathematical structure 
involving the multiplicative structure of fractions (when you halve a unit you double the 
number of pieces; when you find a third of a unit you create 3 times as many pieces). 
Table 1.1  
Mutiplicative Structure of Fractions (Problems in Spanish) 
Problem with Familiar Experience Problem with Unfamiliar Experience 
1. Para decorar tu salón para el dieciseis de 
septiembre, tu maestra de arte les dio 3 
paquetes de papel construcción para que hagan 
banderitas de México. Un paquete es de hojas 
verdes, uno es de hojas blancas, y uno es de 
hojas rojas. Cada paquete trae 25 hojas. ¿Cómo 
podrías hacer 60 banderas de México? 
2. Una imprenta recibió una orden de 270 
invitaciones. En el cuarto de materiales de la 
imprenta quedan 7 paquetes de papel para 
invitaciones. Cada paquete trae 20 hojas. 




Table 1.2 shows the second set of problems involving measurement division (the size of a 
group is known but the number of groups is unknown) with remainder. 
Table 1.2  
Measurement Division with Remainder (Problems in Spanish) 
Problem with Familiar Experience Problem with Unfamiliar Experience 
3. Para el desayuno escolar, la señora de 
la cafetería de tu escuela tiene que hacer 
huevos revueltos para 400 niños. 
¿Cuántos cartones de huevo tiene que 
abrir? 
4. Un organizador de fiestas está organizando un 
banquete para 500 personas. Necesita comprar platos 
y vasos. Los platos vienen en paquetes de 30 y los 
vasos en paquetes de 24. ¿Cuántos paquetes de platos 
y cuántos paquetes de vasos necesita comprar? 
 
Table 1.3 shows the third set of problems involving combinations with the fundamental 
counting principle. 
Table 1.3  
Combinations: Fundamental Counting Principle (Problems in English) 
Problem with Familiar Experience Problem with Unfamiliar Experience 
5. In the game “The Sims” you can create and 
control people. These are the options to start 
creating people: 2 genders and 3 skin tones. 
 
a. How many different people can you create with 
these two options? 
 
b. How many different people can you create if 
besides the first two options (gender and skin tone) 
there is a third option, 4 hair colors? 
6. A print shop makes business cards. It 
has 5 colors of paper, 3 colors of ink, and 
2 paper textures available. ¿How many 









Table 1.4 shows the fourth set of problems involving two steps, the first step is a partitive 
rate problem and the second step is a measurement rate problem (Carpenter, Fennema, 
Franke, Levi, & Empson, 1999). 
Table 1.4  
Partitive Rate and Measurement Rate (Problems in English) 
Problem with Familiar Experience Problem with Unfamiliar Experience 
7. If you can read 5 pages in 20 minutes, how 
long is it going to take you to read a book that 
has 23 pages? 
8. A painter uses 20 gallons of paint to paint 4 




 Half of the 10 groups of students received the Spanish problems first, with the 
familiar experience preceding the unfamiliar experience, and then the English problems 
but with the unfamiliar experience preceding the familiar experience. For the other half of 
the groups, both languages and types of experiences were reversed to minimize the effect 
of predicting answers based on previous answers from problems with the same 
mathematical structure (Familiar Experience and Unfamiliar Experience problems had 
the same mathematical structure). From the onset of an interview, I informed students 
that they were going to solve four problems in one of their two languages and in a later 
interview four more problems in the other language. Although I told students to reserve 
the other language for the next interview, the minimal language alternating that occurred 
was not discouraged. During the interviews I stayed in the language designated for the 
interview. However, in the few instances of language alternating, I responded 
accordingly. All interviews followed the clinical interview format (Ginsburg, 1997), and  
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each interview lasted approximately three hours (Appendix C). Each interview was 
videotaped and later transcribed for coding. 
Data Analysis 
Coding 
Data consisted of transcriptions of the problem-solving interviews, with attention 
to key elements in the students’ discourse, including talk, gestures, and student work 
(Gee, 1996). I analyzed data in two consecutive and related phases in order to answer 
each of the two research questions as dimensions of related phenomena.  
To answer the question, How do bilingual students mathematize familiar 
experience problems and unfamiliar experience problems in Spanish and English? I 
focused on the locutionary force of students’ utterances to develop a set of codes through 
an open coding process (Emerson, Fretz, & Shaw, 1995). These codes took the form of 
descriptions of what students said, their locutions in other words. At the conclusion of 
this open coding process, I used the constant comparative method (Patton, 1990; Lincoln 
& Guba, 1985; Goetz & LeCompte, 1981) as a way to confirm that each individual code 
was used consistently across all interviews, across the two languages, and across the eight 
problems. This second round of coding helped to refine initial codes by renaming, re-
assigning, and consolidating some codes. Depending on their contribution to 
mathematization, I classified the actions described by the codes as productive, 
unproductive, or reflective. Productive action codes, unproductive action codes, and 










Student contributes new experiential or mathematical knowledge for 
construction. The contribution has to be about something that is not an 





Student notices something problematic about the situation described in 
the problem (e.g., missing information) that makes them more 
involved in the situation via an important decision or resolution. The 
situation, in other words, already has their own input; they have 




Student questions the usefulness of an emerging solution. It includes 




Student provides a realistic consideration in connection to his/her own 
partial or final solution. Realistic considerations can be anything that 




Student provides a realistic consideration about a partner’s partial 
solution either voluntarily or by request. Consideration may reflect 
experiential knowledge that the other student is not using, or it may 
involve a creative interpretation where student tries to make sense of 




Student uses experiential or mathematical knowledge (or both) to 
operate on a construction. The construction may be emerging, or it 


















Student declares (or demonstrates) inability to carry out procedure 
(e.g., multidigit multiplication, multidigit division). Typically, student 
says: I don't know how to divide, etc. (or demonstrates inability by 




Students focus on procedures at the expense of referents and meaning. 
Typical behavior is to combine some or all numbers in the problem in 
a procedure that’s easy to apply, without attention to what it means for 




Student explains the mechanics of a procedure (often referring to 
teacher who taught them these procedures) as a substitute to 
explaining results. Example: How did you get x? Student starts 






Student notices only a superficial similarity across 2 problems, for 
example, they don't say or indicate how problems are similar, they 








interpret results  
Students contribute new experiential or mathematical knowledge to 
make sense of results. They in other words add their own 
understanding to explain results.  
Question existing 
knowledge 
Student questions own mathematical knowledge about a concept or a 
procedure as a result of problem being solved that offers an 
opportunity for richer interpretations. 
Reflect on results Student reflects on results in a manner that connects mathematical 
meanings to practical meanings. 
 
To answer the question, What do differences and similarities in bilingual 
students’ mathematization across problems and languages reveal about experience and 
bilingualism as cognitive resources? I selected codes that described the most productive  
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actions for mathematization, and the most unproductive actions as well. Since familiar 
experience problems accumulated more productive actions, I selected codes from these 
kinds of problems. For the same reason, I selected codes describing unproductive actions 
from the unfamiliar experience problems. For these codes, I went back to each example 
searching for linguistic devices that contributed to shape the illocutionary force and 
perlocutionary force of the students’ utterances in English and Spanish. These devices are 
illustrated with examples in the findings section.  
Reliability 
To check the reliability of codes I asked a bilingual graduate student conversant in 
mathematics in English and Spanish to check the accuracy of 10% of the codes in English 
and Spanish. This process resulted in 85% agreement. After disagreements were resolved, 
the percentage of agreement changed to 92%. 
Findings and Discussion 
The findings are organized in two major sections. In the first section I discuss the 
actions that are productive for mathematization, and how they are related to experience 
and bilingualism. In the second section, I discuss the actions that are unproductive for 
mathematization, and also how these actions map to experience and bilingualism. In each 
section, findings are discussed in terms of how they answer the research questions, how 
they support or challenge the two related conjectures, and how they constitute 
contributions to mathematization.  
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Productive Actions: How They Map to Experience and Bilingualism 
In this section I first present a summary of the occurrences of productive actions 
across the Familiar and Unfamiliar Experience problems in Spanish and English. 
Following this summary, I examine in more depth the most important actions to show 
their dimension as illocutionary and perlocutionary acts.  
Table 1.8 shows a consistent trend: When totaling the occurrence of the six 
productive action codes across the four types of problems spanning familiar and 
unfamiliar experiences, these productive actions tended to occur more often in the 
familiar experience problems than in the unfamiliar ones. The higher frequencies of these 
actions favoring familiar experience problems in both languages suggest that using these 
kinds of problems in Spanish and English can facilitate bilingual mathematization. 
Table 1.8 
 
Codes That Describe Productive Actions for Horizontal Mathematization 
LANGUAGE Spanish English 










3 28 8 4 1 15 5 
Notice problematic 
aspect 
8 1 23 5 2 1 11 7 
Question emerging 
solution 
7 4 4 7 2 5 2 2 
Use realistic 
consideration 
23 18 13 11 7 1 9 1 
Offer partner realistic 
consideration 
7 4 9 3 6 0 0 2 
Use knowledge to 
modify construction 
11 1 40 10 30 2 22 9 




This trend supports Conjecture 2: When students solve mathematical problems about 
familiar experiences, they will organize and coordinate more productive actions than 
when they solve problems about unfamiliar experiences.  
 To investigate the possible effect of the four mathematical domains on how 
students generated productive actions as they mathematized in English and Spanish, I 
aggregated the six productive action codes in Table 1.8. This produced the totals at the 
bottom of each pair of problems (familiar and unfamiliar) for each domain. I used these 
totals to calculate the ratio of productive actions for a familiar experience problem to the 
productive actions for the corresponding unfamiliar experience problem. Because the 
mathematical structure of problems within each domain was invariant, variability across 
these ratios could be explained either by the mathematical domain or by the language 
used for that domain. Therefore, similar ratios across the four domains and across the two 
languages would indicate that productivity of actions does not vary due to mathematical 
domains or by language. On the other hand, different ratios would suggest that 
productivity of actions varies either according to mathematical domain or according to 
language. Table 1.9 shows these productivity ratios.  
Table 1.9 
Productivity Ratios by Language and Mathematical Domain 
Language Spanish English 











The ratios show that the domains of measurement division, multiplicative fractions, and 
ratios exhibit a similar measure in productivity. In these domains, the 10 groups of 
students were more than twice as productive in familiar experience problems than in 
unfamiliar experience problems, suggesting that their productivity in these domains is 
explained by the type of problem (familiar versus unfamiliar) rather than by the 
mathematical domain or by the language. However, the dissimilar productivity ratio of 
5.1 for combinations seems to put this domain in a different category. This difference, 
however, disappears as soon as one of the productive codes, Use Knowledge to Modify 
Construction, is eliminated from the totals. This elimination makes sense in that the 
combinations problem in the familiar experience differed from the rest of the problems 
because it was given in two parts, therefore giving students the opportunity to use 
knowledge from the first part to modify the construction for the second part. When this 
code is removed, the productivity ratio for the combinations domain becomes 2.62, much 
closer to the productivity ratio common to the other three domains.     
To investigate how experience and bilingualism provide possible explanations of 
how these important productive actions were performed in English and Spanish, this 
analysis now focuses on the illocutionary force (attempt, intention) and perlocutionary 
force (consequence) of these actions. For this part of the analysis, I looked at the 
linguistic devices (e.g., kinds of pronouns, personal versus impersonal statements, 
amount of details, use of imagination, use of ‘if, then’) that students used to frame their 
actions in each language as indicators of their level of involvement in mathematization,  
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as well as the degree to which such devices helped involve their partners. It is from the 
perspective of these devices that I refer to intentions and consequences. 
Intention: Include Partner in a Contribution; Consequence: Shared Authorship. 
One of the most important productive actions for mathematization was 
Contribute Knowledge for Construction. In many problem-solving episodes, this 
action was decisive for initiating meaning-making collaborations in the mathematization 
process. The action consists of contributing personal knowledge (including non 
mathematical as well as mathematical knowledge) about something that was only implied 
by the problem. Through this new knowledge, students explicated a part of the problem 
through shared authorship therefore “breaking into” the problem with a more 
personalized understanding of it. Students organized and coordinated this action 
differently across their two languages, that is, the acts performed in saying something 
(illocutionary force) and the acts performed by saying something (perlocutionary force) 
are different in each language. In Spanish, the predominant form of contributing new 
knowledge for a construction was an act that included a partner in the contribution. This 
act was accomplished by framing the contribution by the use of first person plural we. 
Although this may seem unimportant, the significance is how partners responded to it, 
often by taking up these contributions, acknowledging their value and successively 
elaborating them in a process of progressively concatenated new knowledge. Other times 
students produced these contributions simultaneously, or they negotiated the contribution 
with a partner. Importantly, the attempt to include a partner in a contribution produces all 
these explicit effects (concatenating, taking up, elaborating, acknowledging, negotiating).  
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But it also produces the more implicit but very important effect of sharing responsibility 
for the development of a contribution. In the next example, a student contributes the idea 
of cutting papers in half (lines 1-3). The idea is taken up and elaborated by partner 
(concatenated) who becomes involved in the action by the linguistic device of first 
personal plural we (line 4) and by enhancing the description of the action with gestures 
(lines 4-5), thus becoming a co-author of the contribution. These multiple consequences 
illustrate the perlocutionary force of the contribution that, altogether, contribute to shared 
understanding of the situation. 
1  HD:  Entonces Jovita acaba de decir cortar. A ver, dinos más de esa  
2   idea de cortar. ¿Qué cortarías?  
3  Jovita:  El papel.  
4  Leslie:  Podríamos cortar asi como en la mitad (hand gesture cutting one flag in  
5   half from side to side). 
 
(Translation) 
1  HD:  So Jovita just said to cut. Let’s see, tell us more about that idea  
2   of cutting. What would you cut?  
3  Jovita:  The paper.  
4  Leslie:  We could cut like this like in half (hand gesture cutting one flag in half  
5   from side to side). 
 
 Intention: Individualize Contribution; Consequence: Exclude Partners. 
  
In contrast, students framed their contributions of new knowledge in English 
through the exclusive use of the first person singular pronoun I or by using the impersonal 
case of the pronoun you. The former linguistic expression had the effect of excluding the 
partner from a possible co-authorship, whereas the latter created a distance between the 
contributor and the contribution. When compared to how students performed similar 
actions in Spanish, what stands out as different is how students become involved with the 
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task and how they related to partners. There seemed to be different attempts and 
different intentions (illocutionary force) and therefore different consequences 
(perlocutionary force) in how they performed these actions. In the next example, a 
student contributes a mathematically sophisticated idea of the unit rate, framing it as an 
individual contribution (lines 1, 11). Not only does the student craft his idea individually 
through the linguistic devices described, but there is an economy of words in the reporting 
of results (line 3) and in the description of the unit rate that excludes details about how 
the quantities in the rate relate (line 9). Also worth noticing is that he initiates interaction 
with his partner by pointing to the partner’s incorrect execution of procedures (line 13). 
The overall effect is that the power of his idea does not spread out to reach the partner’s 
consideration but instead remains isolated and economized.  
(They read problem aloud and simultaneously)  
1  Dave:  I need to divide it. (He divides 20 by 5 and writes 4 R0 as 2   
2  quotient).  
3  Dave: Remainder zero, four.  
4  HD:  So you divided 20 by 5?  
5  Dave:  Yeah.  
6  HD:  And it gave you?  
7  Dave:  4.  
8  HD:  What does that 4 mean?  
9  Dave:  For 1 page, 4 minutes for 1 page.  
10 HD:  4 minutes for 1 page, OK.  
11 Dave:  And then I will, I am going to add. 
12 Santa:  460 (multiplied 20x23=460).  








 Intention: Sharing What One Notices with Partner; Consequence: Raise 
Partner’s Awareness of Problematic Aspect.  
Real problem solving means noticing that a problem is actually a problem. 
Problems were designed so that students did not have an immediate solution. For 
example, one student said: “Digo, uh, la pregunta, cómo puedes hacer 60 banderas de 
México. O sea, o sea es como, no, no creo tener la respuesta, pero yo creo que todo lo que 
quiere es que lo dividamos?” (I mean uh, the question, how can you make 60 flags of 
Mexico. I mean, I mean it’s like, I don’t, I don’t think I have the answer, but I think all 
it’s asking is to divide?). Another student, upon successful resolution of a familiar 
experience problem, asked if other students had solved it because “está bien dificil” (it’s 
quite difficult). Meaningful solutions required that students Notice Problematic Aspects 
first. How students noticed this in Spanish was very different from how they did it in 
English. In Spanish this occurred mainly through sharing with a partner what one student 
noticed, by directly addressing the partner, or by including a partner with the use of we 
and, more importantly, by a partner acknowledging what the other student noticed and 
shared. In the next example, one student communicates with words and gestures what she 
noticed as problematic to her partner (lines 1-3). Notice the significant change of stance 
from addressing herself to directly addressing her partner (line 1) with what she noticed. 
The consequence of this illocutionary act is that the partner becomes aware of the 
problematic aspect and begins to offer suggestions aimed at helping the partner 
understand this aspect. She uses gestures and objects in the immediate environment to 
concretize the idea that the partner noticed as problematic (line 4). Once this sharing of 
 
 40 
problematic aspects leads the students to sharing a common understanding (line 5), they 
continue noticing and ironing out more problematic aspects (lines 6-7). These are 
significant consequences for mathematization, set off by the communicative act of 
sharing what one student noticed. 
1  Leslie:  No le entendí (to herself)…porque dice cartones (to Jovita). Como 
2  cartones de los huevos, (hand gesture a carton of eggs) o cartones (gesture  
3   a bigger container).  
4  Jovita:   [[Like this]] (touches the cardboard box with cubes).  
5  Leslie:  O los que tienen los huevos así (gestures a carton of eggs).  
6  Leslie:  Pero no sabemos cuántos hay en [en un carton] (gestures shape of carton).  
7  Jovita:           [Cuántos…uh-huh] 
 
(Translation) 
1  Leslie:  I didn’t understand (to herself)…because it says cartons (to Jovita). Like  
2   egg cartons, (hand gesture a carton of eggs) or cartons (gesture a bigger 
3  container).  
4  Jovita:  [[Like this]] (touches the cardboard box with cubes).  
5  Leslie:  Or the ones with eggs like this (gestures a carton of eggs).  
6  Leslie:  But we don’t know how many are in [one carton] gestures shape of carton.  
7  Jovita:        [How many…uh-huh] 
 
Intention: Sharing What One Notices with Researcher; Consequence: Excluding 
Partner. 
In contrast, in English they performed the same action but in a more individualistic 
manner (lines 1, 4) or by use of the impersonal case of you. For example, one student 
turns to look at interviewer (line 1) instead of his problem-solving partner (line 2), to 
share that he noticed that the given ratio of 5 pages read in 20 minutes is disrupted after 
the fourth iteration by the fact that the problem asks how long it takes to read 23 pages. 
Although there was nothing in the immediate environment that prevented this student 
from involving his partner in what he noticed, which is the disruption of a pattern from  
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equal increments using the given rate to thinking in terms of a unit rate, his noticing of 
this key idea and sharing it with the researcher can be found in many traditional 
classrooms where students interact mainly with the teacher on a one-to-one basis.  
(Julián writes 5/20, 5/20, 5/20, 5/20 in a row, then stops writing and asks interviewer) 
1  Julián: But how do I do 3 pages? (looks at interviewer)  
2  HD:  I don’t know. That’s your job. (Manuela is still writing and 
3 erasing). So what you wrote Julián is 5 four times.  
4  Julián:  But I need to…{I say: And then you need 3 more, right?} (Julián nods).  
 
 Intention: Directing Questioning a Solution to Self; Consequence: Increased 
Cognitive Demands. 
 
The action of Question Emergent Solution emerged as a concern to try to 
reconcile narrow mathematical concepts learned in the classroom with the meaning of 
emerging solutions to problems. To look for evidence of students’ narrow understanding 
of mathematical concepts in the classroom, I collected posters they created in groups 
during math class, which illustrated, according to the directions of the activity, “that they 
can communicate about multiplication and division situations.” In one poster, 
representative of their understanding of multiplication and division, students wrote: 
“Multiplication is to make the total or answer bigger, and division is the oposet (sic) of 
multiplication.” These uncontested and sometimes fossilized ideas conflicted with the 
meaningful solutions that students developed, especially in familiar situation problems. 
Students questioned an emergent solution in two ways: self-directed questioning or 
questioning directed at a partner. As a self-directed questioning, this action occurred in 
English and Spanish; as directed at a partner, it occurred only in Spanish. In the next  
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example, a student questions himself (lines 3-5) whether multiplication is allowed in the 
problem he is trying to solve. Notice how the researcher refuses to resolve this 
questioning for the student (line 6), which increases the cognitive demand for the student. 
1  HD:   ¿Si conocen el papel construcción? 
2  Ariel:  Si, es como de cartón y viene en colores (He observes the cubes for a 
3  while). A menos que multiplique por 2, serían 50 (self-directed talk).  
4  HD:   Explícame mas de lo que acabas de decir.  
5  Ariel:  Pero no se puede, ¿o si? (self-directed talk) 
6  HD:   Pues no sé, tú eres el que tiene que resolver este problema. 
 
(Translation) 
1  HD:  Have you seen the construction paper? 
2  Ariel:  Yes, it’s like carton and it comes in colors (He observes the cubes for a 
3  while). Unless I multiply times 2, it would be 50 (self-directed talk).  
4  HD:  Explain more of what you just said.  
5  Ariel:  But it’s not possible, or is it? (self-directed talk) 
6  HD:  Well I don’t know, you need to solve this problem. 
 
Intention: Directing Questioning a Solution to a Partner; Consequence: Reduced 
Cognitive Demands. 
In the next example, a student questions her partner’s emergent solution by explaining the 
meaning of a procedure wrongly executed (lines 1-3). Her questioning of a partner’s 
solution not only reduces the cognitive demand associated to the procedure but it frees 
the partner from spending too much effort and time on fixing a procedure. That students 
did not question a partner’s emergent solution in English as they did in Spanish continues 
the pattern of English language use for individually-oriented actions with different 




1  Mapita:  Es porque tú no puedes hacer el cero porque uh, el 12 no cabe en el 4 
2  (points to divisor 12 and digit 4 of dividend 400 in Mike’s division), 
3  [[so]] son 33 y sobran 4.   
4  HD:  ¿Qué dices Mike?  
5  Mike:  Sí. 
 
(Translation) 
1  Mapita:  It’s because you can’t do the zero because uh, 12 can’t go into 4 (points to 
2  divisor 12 and digit 4 of dividend 400 in Mike’s division), so it’s 33 and 
3  there’s 4 left.   
4  HD:  What do you say Mike?  
5  Mike:  Yes. 
 
Intention: Personalizing a Situation; Consequence: Realistic Animation. 
 
An important action for mathematization is when students Use Realistic 
Considerations in regard to their own constructions. The most interesting characteristic 
of how students organized and coordinated this action in Spanish is that these realistic 
considerations helped students animate the situation described in the problem. These 
animations were often concatenated or complemented with gestures. These realistic 
considerations were also often framed as “if…then” utterances that were acknowledged 
by a partner who was included in the consideration by the use of first person plural we. In 
the next example, a student decides to cut paper in thirds and not in fourths (lines 1-3) as 
a result of considering a realistic and familiar action (lines 4-8), even when this action is 
not an explicit part of the story in the problem. The student animates the art teacher with 
additional requests related to the problem at hand (lines 5-6), uses gestures to describe 
referents associated to such requests (line 6), and finally offer justifications for the 




1  HD:  ¿Entonces que harían, cuál es su decisión final, en cuántas partes  
2   van a partir cada papel? (They look at each other. Carlo shrugs shoulders.)  
3  Idania:  Yo creo y en tres porque es más grande.  
4  HD:  ¿Para que no queden tan chicas?  
5  Idania:  Uh-huh, porque despues tal vez la maestra de arte podrá decir que hagan la 
6  [[eagle]] la (gestures with hands a small circle).  
7  HD:  Uh-huh, el sello, el águila.  
8  Idania:  Si, y no va a caber en el de 4. 
 
(Translation) 
1  HD:  So what would you guys do, what is your final decision, in how  
2   many parts are you going to cut each paper? (They look at each other. 
Carlo shrugs shoulders.)  
3  Idania:  I think in three because it’s bigger.  
4  HD:  ¿So they won’t come out too small?  
5  Idania:  Uh-huh, because then maybe the art teacher could say, now do the eagle, 
6   the (gestures with hands a small circle).  
7  HD:  Uh-huh, the seal, the eagle.  
8  Idania:  Yes, and it wouldn’t fit in the 4. 
 
Intention: Depersonalizing a Situation; Consequence: Numerical Animation. 
 
In contrast, students performed this action in English by the use of impersonal statements 
(the use of impersonal case of you) often framed as individualistic considerations (the use 
of I). In the next example, a student who was not completely convinced about the 
reasonableness of a solution, invokes a realistic consideration to help herself make sense 
of the solution that it takes 92 minutes to read 23 pages. She frames her consideration by 
using the impersonal case of you (line 3). Notice how the student animates numbers (lines 
3-6), especially when she says “…92 is in the middle” (line 5). 
1  HD:  Does it make sense then, if you read 23 pages it’s going to take you  
2   92 minutes?  
3  Leslie:  Maybe because if you count like in 25 (pages), it’s going to be 100 
4  (minutes) and, uh, 80 and 100, like 80 and 100 (taps on table leaving a 
5  space between hands), 92 is in the middle (points to the middle distance 
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6   between signaled 80 and 100 on table). 
 
Intention: Convincing Partner of Realistic Consideration; Consequence: Shared 
Understanding. 
 
Finally, understanding a familiar experience positioned students to Offer a 
Partner a Realistic Consideration, an important action for helping a partner make 
sense of a problem. This action was characterized by spontaneity, an orientation to using 
an existing model to demonstrate the existence of a realistic consideration, and a 
determination to make a partner aware of the importance of this consideration. All these 
characteristics imparted illocutionary and perlocutionary force to students’ utterances 
through the determination and conviction of the action to produce an effect on a partner. 
The action was performed similarly across the two languages, but with more frequency in 
Spanish than in English. In the next example, two students spontaneously operate on a 
model (lines 4-5 and lines 7-9) to convince their partner that how they are considering the 
number 3 is not only different from how the student is thinking but also more realistic. 
Notice how student begins to enhance her understanding (line 6) after her partner offers 
the first realistic consideration (lines 4-5). Also notice how the other student engages his 
partner’s imagination by asking her to pretend that a cube has been cut in smaller pieces 
(lines 7-9) and by abundant use of gestures. Then the third student synthesizes this 
imaginative consideration in a more succinct statement (line 10). These are joint efforts to 







(Ally suggested multiplying 20 sheets by 3 to get 60. She explained that the 3 was the 
colors of the papers) 
1  HD:  Entonces le salen 60, pero serían 60 hojas.  
2  Cindy:  Uh-huh, pero quieren banderas (Cindy and Ally look at each other).  
3  HD:  Quieren banderas.  
4  Cindy:  No hojas. [[So]] tiene que ser como, (grabs a flag to demonstrate to Ally)  
5   el 3 significa que lo estás cortando en 3.  
6  Ally:  Oh!  
7  Derrick:  Asi [m]ira, llévate 3 (grabs 3 flags) y luego pretende que, que es uno 
8   chiquillo así (gestures small piece with fingers close to each other), y  
9   luego lo cortas, y luego el otro asi (hand gesture cutting motion).  
10 Cindy:  Uh-huh, como si fueran 3 banderas. 
 
(Translation) 
(Ally suggested multiplying 20 sheets by 3 to get 60. She explained that the 3 was the 
colors of the papers) 
1  HD:  So she gets 60, but that would 60 sheets.  
2  Cindy:  Uh-huh, but they want flags (Cindy and Ally look at each other).  
3  HD:  They want flags.  
4  Cindy:  Not sheets. [[So]] it has to be like, (grabs a flag to demonstrate to Ally) 
5   the 3 means that you are cutting it in 3.  
6  Ally:  Oh! 
7  Derrick:  Like this, look, take 3 (grabs 3 flags) and then pretend that, that it’s a  
8   small one like this (gestures small piece with fingers close to each other),  
9  and then you cut it, and then the other like this (hand gesture cutting    
motion).  
10 Cindy:  Uh-huh, as if they were 3 flags. 
 
Summary of Productive Actions Performed Across Problems and Across Languages 
 
The previous analysis shows important contrasts in how bilingual students 
performed productive actions for mathematization in Spanish and English. In general, 
students perform these actions in Spanish more socially and more personally by using 
“we” instead of “I,” and by animating personal relations with significant mathematical 
connections, whereas in English they perform similar actions more individually and less 
personally by use of “I” or the impersonal case of “you,” and by animating numerical  
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relations. These contrasts add specificity to Conjecture #1: Students’ bilingualism 
allowed them not only to connect to other students’ problem solving, therefore 
influencing how they mathematized, but these connections show important differences 
that need to be accounted for not in terms of unequal proficiency or inadequacies inherent 
to a language but in terms of how students practice their bilingualism in and out of 
school.    
The trend toward more socially arranged actions was achieved by a number of 
illocutionary acts, or intentions, and perlocutionary acts, or consequences. For example, 
in Spanish students framed their contributions of new knowledge by including a partner 
in the contribution through the use of the first-person-plural we, achieving not only a 
shared authorship of the contribution but also a shared responsibility of developing the 
contribution. This action not only facilitates the task for each student but it generally 
creates more complex contributions that benefit more than one student. In English, these 
contributions were articulated more individually through the use of first person singular I, 
achieving the exclusion of partners from this knowledge.  
Another contrast was observed in how students noticed problematic aspects of a 
problem. In Spanish, they shared what they noticed with a partner through addressing the 
partner directly, often by looking at him or her, and the immediate consequence was to 
raise the partner’s awareness of this problematic aspect and subsequent involvement of 
the partner in solving the problem. In contrast, students often shared what they noticed 
with the researcher, by addressing me directly, and excluding the partner from this  
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important aspect in problem solving. That these are different styles or ways of learners 
relating to tasks and to the people working on a task is obvious. That there are different  
implications for how best educate bilinguals mathematically is a discussion reserved for 
the final section in this paper.  
The more social orientation in Spanish was also evident when students directed 
their questioning of a solution to a partner, by spontaneously initiating a talk to frame this 
questioning. The result was a diminishing of cognitive demands for the partner, and a 
redirecting of the partner’s efforts to more productive mathematization actions. In 
English, students directed this questioning to themselves through self talk, therefore 
increasing the cognitive demands of their mathematization efforts.  
Another contrast was found in how students related to situations described by a 
problem. In Spanish they personalized a situation through the use of imagined but 
possible actors whose actions served to make connections between the realistic but non-
mathematized situation and more mathematical considerations, therefore creating realistic 
animations. In contrast, in English they tended to depersonalize a situation not but 
suppressing the use of imagination but by using their imagination differently. Rather than 
animating people and actions, they animated numbers and spaces relevant to think about 
how these numbers related among themselves.  
Finally, not all productive actions were performed differently in each language. 
Students’ convincing of partners about the importance of a realistic consideration was 
performed similarly in English and in Spanish. Students used an existing model to 
emphasize a realistic consideration, achieving a shared understanding of the problem.  
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I should make clear that the different combinations of illocutionary and 
perlocutionary forces found in English and Spanish do not reflect inherent qualities of  
each language. Instead, a more plausible explanation for such differences may be the 
students’ repeated participation in similar patterns of language use (or language 
restriction) in the two highly linguistic environments that matter most in students’ lives: 
the classroom and outside. With English as the language of mathematics instruction that 
emphasizes day in and day out diligent, quiet work on procedural knowledge, the result is 
the limiting of the English to ritualized ways of learning mathematics, which in turn 
reemerges in situations such as this study when students are required to communicate 
about their mathematical reasoning. For example, in the two classrooms observed, small 
groups of students would sit around tables as if they were working in groups. However, 
in this seating arrangement they were first receiving group instruction on how to perform 
procedures, and then practicing in close proximity to each other but intellectually isolated 
from one another, analogous and decontextualized arithmetic problems. It is therefore not 
surprising that when they spoke their mathematical reasoning in English, much of that 
came out as individual and impersonal locutions that excluded partners. They were 
simply replicating patterns of language use that have remained unchanged in classrooms 
where these bilingual students learn mathematics. For example, in one classroom, I 
observed a group of students who were talking animatedly about how to solve a problem. 
Their talk bothered their teacher who did not believe that the students were in fact talking 
about the problem. The teacher decided to subtract points from the group for talking and  
 
 50 
the group from that moment on looked down in complete silence to their individual work 
in their notebooks.  
Unproductive Actions: How They Map to Experience and Bilingualism 
I now present a summary of the occurrences of unproductive actions across the 
Familiar and Unfamiliar Experience problems in Spanish and English. Following this 
summary, I examine in more depth the most important actions to show their dimension as 
illocutionary and perlocutionary acts. Table 1.10 shows a consistent trend: When totaling 
the occurrence of the four unproductive action codes across the four types of problems 
spanning familiar and unfamiliar experiences, these unproductive actions consistently 
occur more often in the unfamiliar experience problems than in the familiar ones. These 
unproductive actions are not only associated with unfamiliar experiences but in various 
ways they have something to do with the use of procedures. These results support the 
converse of Conjecture 2: When students solved problems about unfamiliar experiences, 
their efforts to organize and coordinate actions resulted in more unproductive actions than 
when they solved problems about familiar experiences. This also indicates that using 
mathematics problems with situations that are unfamiliar to students (in both Spanish and 
English) is counterproductive for horizontal mathematization.  
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Table 1.10  
 
Codes That Describe Unproductive Actions for Horizontal Mathematization 
Language Spanish English 





Context Fam Unf Fam Unf Fam Unf Fam Unf 
Declare inability for 
procedure  
3 7 0 1 0 0 0 1 
Subordinate referents to 
procedures 
12 33 8 12 2 17 15 10 
Explain by reviewing 
procedures 
5 7 2 4 0 0 2 4 
Notice superficial 



















TOTALS 20 47 10 21 3 24 17 19 
 
To investigate the possible effect of the four mathematical domains on how students 
mathematized problems in an unproductive manner in English and Spanish, I aggregated 
the four unproductive action codes in Table 1.10. This produced the totals at the bottom 
of each pair of problems for each domain. I used these totals to calculate the ratio of 
unproductive actions for an unfamiliar experience problem to the unproductive actions 
for the corresponding familiar experience problem. Because the mathematical structure of 
problems within each domain was invariant, variability across these ratios could be 
explained either by the mathematical domain or by the language used in that domain. 







Inproductivity Ratios by Language and Mathematical Domain 
Language Spanish English 








47/20 = 2.35 21/10 = 2.1 24/3 = 8.0 19/17 = 1.18 
 
Similar ratios are observed for measurement division and multiplicative fractions, 
both domains explored in Spanish. In these domains, the 10 groups of students were more 
than twice as unproductive in the unfamiliar experience problems than in familiar 
experience problems. But in the combinations and ratio domains, with problems given in 
English, dissimilar ratios occur. For combinations, the ratio of 8.0 indicates that students 
were 8 times as unproductive in the unfamiliar as in the familiar. For ratios, the ratio of 
1.18 indicates that students were almost as unproductive in the unfamiliar as in the 
familiar. The unproductive actions ratio of 8.0 for the combinations problems suggests a 
poorer management in English of the unproductive actions as a whole. The discussion 
that follows, combined with the earlier discussion of how students generate these actions 
in each language, provide a possible explanation of students’ unproductive actions.  
To investigate how experience and bilingualism can offer possible explanations of 
how these unproductive actions were performed in English and Spanish, this analysis 
now focuses on the illocutionary force and perlocutionary force of these actions. Because 
it is counterintuitive to think that someone would intentionally produce an unproductive 
action, the analysis considers that these actions turn out to be unproductive as a result of a 
mismatch between intentions and consequences. Responsible for this mismatch is 
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students’ inclination to use procedures: While their intentions are to apply procedures 
correctly, these algorithms are difficult to execute and this produces negative 
consequences. 
Intention: Request Help with Difficult Procedure; Consequence: Frustration, 
Disengagement. 
The action Declare Inability for Procedure occurred as a demonstrated inability 
to execute algorithms. Because it occurred more often in Spanish, the range of intentions 
and consequences associated to this action is also wider in Spanish than in English. That 
it occurred more often in Spanish may be explained by the students’ predisposition to 
work more interactively in Spanish, and therefore a “collective voice” is observed as 
assuming this inability. For example, when a student said “No, es que, es que, es que yo, 
como, no le hallo a multiplicar por dos dígitos” (No, it’s ‘cause, it’s ‘cause, It’s because I, 
like, I’m lost when it comes to multiplying by two digits), his partner added: “Es dificil” 
(It’s difficult). During their collaborative work, they revealed, sometimes with secretive 
voices, other times with embarrassment, and even with a sense of humor, that they did 
not know how to execute these algorithms. In the next example, a student expresses 
embarrassment for abandoning a division due to its difficulty (lines 6-7), and gradual 
disengagement for not knowing how to execute the multiplication algorithm that she 
substituted for division (lines 8-13). 
1  Jovita:  Uh, ¿cómo le hago? ¿como nos enseñaron? ¿fácil? ¿difícil?  
2  Leslie:  No sé, como se te haga más fácil.  
3  Jovita:  Uh (seems unsure of how to start division)…a lo mejor multiplicar.  
4  HD:  Como ¿multiplicar qué?  
5  Jovita:  500 por 24.  
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6  HD:  ¿Porque dividir es difícil?  
7  Jovita:  Uh-huh (smiles, looks embarrassed).  
(Next Jovita writes multiplication algorithm of 500x24; asks Leslie in whispering voice)  
8  Jovita: Leslie, ¿cómo se hace esto?  
9  Leslie:  Con cero.  
10 Jovita:  ¿Y con esto?  
11 Leslie:  Yo creo que es cero, si, cero.  
12 Jovita:  Pa’ mi que es cero, pero aqui no sé…pues a lo mejor es cero (shrugs 
13   shoulders and writes zero).  
 
(Translation) 
1  Jovita:  Uh, how do I do this, they way we were taught, easy? Hard?  
2  Leslie:  I don’t know, whichever way is easier for you.  
3  Jovita:  Uh (seems unsure of how to start division)…maybe multiply.  
4  HD:  Like multiply what?  
5  Jovita:  500 times 24.  
6  HD:  Because dividing is hard?  
7  Jovita:  Uh-huh (smiles, looks embarrassed).  
(Next Jovita writes multiplication algorithm of 500x24; asks Leslie in whispering voice)  
8  Jovita: Leslie, how is this done?  
9  Leslie:  With a zero.  
10 Jovita:  And with this?  
11 Leslie:  I think it’s zero, yes, zero.  
12 Jovita:  My guess is that this is zero, but right here I don’t know…well, maybe 
13   it’s zero (shrugs shoulders and writes zero).  
 
In the following example, students used secretive voices (lines 1, 9) to recognize, with 
frustration at times (lines 1-3) and a sense of humor at other times (lines 14-15), that the 
procedures they memorized without conceptual understanding were easily forgotten (line 
13).  
1   Derrick:  Nomás que no sé qué es 70 menos 7 (he whispers to Ally, face almost 
2     touching table) ¿Qué es 70 menos 7? (Ally laughs as a response). No 
3  me sale (he sits back, waves pencil in hand).  
4   Ally: Hazlo como siempre lo has hecho en cuarto grado.  
5   Derrick:  ¿Eh?  
6   Ally:  Hazlo como siempre…Derrick (shakes head) Hu-hu-hu. Oh éste era mal,  
7   estaba haciendo éste. (lowers head to table level and girls follow him 
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8   by lowering their heads in same way) Siete [[times 9]], ay! Siete times 
9  nine. (Ally whispers 63 to Derrick. He continues struggling with this 
10    algorithm. After Ally supplies more answers to him, she asks again) 
11 Ally:  ¿Por qué no siempre lo haces come en cuarto grado, como el 2 no puede  
12   caber en este otro número (points to his division).  
13 Derrick:  Yo no sé como hacer eso. (He multiplies 20x7=140). Ya no me acuerdo.  
14   (He subtracts 140 from 270 in the division and gets 130). Ay, ay, ay. (The 
15   girls laugh).  
 
(Translation) 
1   Derrick:  Only that I don’t know what’s 70 minus 7 (he whispers to Ally, face  
2   almost touching table) What’s 70 minus 7? (Ally laughs as a response). 
3   I can’t get it (he sits back, waves pencil in hand).  
4   Ally: Do it like you always did in fourth grade.  
5   Derrick:  Huh?  
6   Ally:  Do it like you always…Derrick (shakes head) Hu-hu-hu. Oh this is wrong, 
7   I was doing this one. (lowers head to table level and girls follow him 
8   by lowering their heads in same way) Seven times 9, ay! Seven times nine. 
9   (Ally whispers 63 to Derrick. He continues struggling with this 
10  algorithm. After Ally supplies more answers to him, she asks again) 
11  Ally:  ¿Why don’t you better do it like in fourth grade, like the 2 can’t go into 
12   this other number (points to his division).  
13  Derrick:  I don’t know how to do that. (He multiplies 20x7=140). I don’t remember  
14   anymore. (He subtracts 140 from 270 in the division and gets 130). Ay, 
15   ay, ay. The girls laugh. 
 
That these illocutionary and perlocutionary forces operate in moments when students are 
experiencing difficulty with procedures illustrates a key point in the view of bilingualism 
and experience as cognitive resources: as resources, they do not stop with productive 
actions but they also emerge when students experience difficulties associated to 
procedure-oriented instruction. It could be said that these illocutionary and perlocutionary 
forces operate to refine students’ ideas when they are part of productive actions, but they 
also function to manage difficulties during mathematical thinking.  
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These difficulties executing procedures reveal “the top-down approach, where the 
‘models’ are derived from formal mathematical knowledge” (Gravemeijer, 1993, p. 54). 
Research with a focus on student work has shown that students deal with this inability by 
developing “buggy algorithms” (Brown & Burton, 1978) or “repair algorithms” (Resnick 
& Omanson, 1987), but this work does not report how students organize and coordinate 
these invented albeit faulty algorithms.  
Intention: Inquiry About Meaning of Procedures; Consequence: Restore Attention 
to Referents. 
Another unproductive action, Subordinate Referents to Procedures, occurred 
when students ignored or indiscriminately altered the restrictions associated to referents 
in order to execute procedures more easily. For example, if one referent was packs of 
plates and the restriction was 24 plates per pack and the goal was to have 500 plates, 
students abandoned the 24 for a different number that made skip counting faster or gave 
an exact answer of 500 with no leftovers. A review of its occurrence in Spanish shows 
that, however unproductive, students organized and coordinated this action by 
spontaneously involving each other (lines 3 and 5) and sometimes, as in the following 
example, by making a partner aware of this subordination (line 7).  
1  Dave:   Yo voy a sumar 30+470.  
2  HD:   [OK, síganle] 
3  Santa (frowns):  [¿Por qué?]  
4  Dave:   Porque así me daría 500.  
5  Santa (looks at him for a while): ¿Y de dónde sacas los 470?  
6  HD:   Uh-huh, ¿de dónde sale eso?  






1  Dave:   I’m going to add 30+470.  
2  HD:   [OK, keep going] 
3  Santa (frowns):  [Why?]  
4  Dave:   Because that way it would give me 500.  
5  Santa (looks at him for a while): And where are you getting the 470 from?  
6  HD:   Uh-huh, where is that coming from?  
7  Dave (smiles):  Ah yes, it’s packages! 
 
Intention: Explain Procedure: Consequence: Relying on Words in the Problem. 
In English, instead of relating to partners to somehow coordinate the unproductive 
action of subordinating referents to procedures, students relied on the wording of a 
problem as the source of justification for their individual actions (lines 3-4), as in this 
example.  
1  HD:   Why are you adding guys? Why 5+3+2?  
2  Dave:   Uh… 
3  Santa (reads):  Cause they want to know how many different business cards can 
4    the print shop make.  
 
Intention: Explain Meaning in Procedures: Consequence: Explain Procedures. 
When instruction focuses on learning procedures without attention to meaning, as 
observed in the two classrooms of participant students, it is not surprising that students 
respond to questions intended to elicit the meaning of their mathematical work (including 
procedures) as if they were inquiries about the mechanics of procedures. This is the case 
for the unproductive action Explain by Reviewing Procedures. For this action, I did not 
find differences in how students organized and coordinated it in English and Spanish. 
Instead, what I found was various ways in which students bypassed the meaning of those 
procedures. One common way was by interpreting a question literally. For example, a  
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question intended to elicit a reason for executing a given procedure (line 1) was answered 
by explaining the mechanics of the algorithm used (line 2), as in this example.  
1  Leslie (asks Jovita):  ¿Cómo que sumaste?  
2  Jovita:    24x2, es 8, y luego 2x2 es 4, y luego lo sumas el 8, el, 4. 
 
(Translation) 
1  Leslie (asks Jovita):  How come you added?  
2  Jovita:    24x2, is 8, and then 2x2 is 4, and then you add the 8, the, 4. 
 
Other times, a request to justify the choice of a procedure (line 1) was answered by 
referring to another procedure (lines 2-4), as in the following example. 
1  HD:  Ahora, en éste, ¿por qué multiplicaron 140x2? ¿Por qué Eddy?  
2  Eddy:  Uh, porque, si lo multiplicaras, porque uh, doscientos- (looks at screen) si 
3   tenías otros 140, te daba 180 (he means 280) y era lo mismo de sumar y 
4   multiplicar de entre 2 (he means por 2). 
 
(Translation) 
1  HD:  Now, in this one, why did you multiply 140x2? Why Eddy?  
2  Eddy:  Uh, because, if you multiply it, because uh, two hundred- (looks at screen)  
3   if you had another 140, it would give you 180 (he means 280) and it was 
4   the same, to add or multiply into 2 (he means by 2 or times 2). 
 
Intention: Notice Similar Mathematics; Consequence: Notice Similar Processes. 
The similar mathematical structure across problems ensured comparisons across 
dimensions other than the mathematics itself. An unproductive action related to this 
dimension of problems is Notice Superficial Similarity Across Two Problems, which 
consisted of noticing a nonmathematical quality as the link between two mathematically 
related problems. What students noticed in Spanish differed from what they noticed in 
English. In Spanish, they noticed similar questions, similar actions, and similar goals 
across two related problems. However, none of these qualified as mathematical because  
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students did not identify a mathematical concept. In the next example, students notice a 
similar goal across two problems (lines 3 and 4). 
1  Eddy:  Y en la imprenta quedan (reads) 7 paquetes de papel para invitaciones,  
2   cada paquete trae 20 hojas. Cómo puede hacer la imprenta las 270  
3   invitaciones. ¡Es como la otra! (smiles)  
4  Josué:  Uh-huh, es como la, tienes que llegar a 270. 
 
(Translation) 
1  Eddy:  And at the print shop there are (reads) 7 packages of invitations paper left, 
2   each package has 20 sheets. How can the print shop make 270 invitations. 
3   It’s like the other one! (smiles)  
4  Josué:  Uh-huh, it’s like the, you have to get to 270. 
  
 Intention: Notice Similar Mathematics; Consequence: Notice Similar Numbers.  
In contrast, in English many students vaguely noticed similar numbers being used 
in two problems (lines 2 and 3), a kind of superficial similarity that did not occur in 
Spanish, even though the possibility existed across two Spanish problems (24 eggs per 
carton for 500 kids and the related problem of 24 plates per package for 500 people). In 
the next example, students explain this kind of similarity. 
1  HD:  Is there any connection between this problem and previous?  
2  Leslie:  Uh, maybe because it was 4 and the other one was 4 or something, and 
3   here it’s 4 houses. 
   
Summary of Unproductive Actions Performed Across Problems and Across Languages 
 
I started this part of the analysis, how students produced unproductive actions in 
each language, with a degree of skepticism about finding possible differences. After all, 
an unproductive action must be unproductive regardless of how it is generated. However, 
the analysis shows that differences exist in how students used English and Spanish to 
perform these actions. In Spanish, students’ unproductive actions found a wider range of  
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intentions and consequences because these actions were coordinated in group, with group 
members reacting and responding in multiple ways. For example, students used secretive 
voices to ask partners about how to execute difficult procedures, they showed frustration, 
embarrassment, disengagement, and even a sense of humor upon realizing that they did 
not know how to execute these algorithms. They also expressed frustration because they 
had forgotten procedures memorized in the previous year. Also, since they solved 
problems with a similar mathematical structure, students noticed similar questions, 
similar actions, and similar goals across two related problems. These did not qualify as 
mathematical similarities but they contrast with what students noticed across problems in 
English. Although all these expressions illustrate the goodness in students’ intentions to 
mathematize productively, their inclination to using procedures that they did not 
understand completely turned these intentions into negative consequences, thus creating 
unproductive actions. Yet as students involved each other in these unproductive actions, 
sometimes this involvement turn an unproductive action into a productive one. 
In contrast, a few of these codes were underrepresented in English, and I 
conjecture that it was because students worked more individually in English than in 
Spanish, which may have made speaking about unproductive actions in isolation more 
stressful and therefore more avoidable. Students may have uttered fewer of these actions 
in English in order to save face. But when differences emerged, students tended to rely on 
the text of a problem as the source of justification for an action, or they noticed different 
superficial similarities between two related problems than they did in Spanish. While in  
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Spanish they noticed similar questions, similar actions, and similar goals across two 
related problems, in English they simply noticed similar numbers used in two problems.  
These different ways of being in charge of unproductive actions, with more group 
support in Spanish and with more autonomy in English, lend support to Conjecture #1: 
That students’ bilingualism influences how they organize and coordinate actions for 
mathematization. These differences are important to discuss in order to understand how 
bilingualism and experience are cognitive resources. Clearly, whether students are 
organizing and coordinating productive actions or unproductive actions, they do this in 
ways that seem to be rooted in more general patterns of language use. The fact that these 
patterns are invoked by students as they solve mathematical problems is strong evidence 
for their role as cognitive resources.    
Reflective Actions: How They Map to Experience and Bilingualism 
 
Finally I present a summary of the occurrences of reflective actions across the 
Familiar and Unfamiliar Experience problems in Spanish and English. Following this 
summary, I examine in more depth the most important reflective actions to show their 
dimension as illocutionary and perlocutionary acts. Table 1.12 shows a consistent trend: 
When totaling the occurrence of the three reflective action codes across the four types of 
problems spanning familiar and unfamiliar experiences, these reflective actions 
consistently occur more often in the familiar experience problems than in the unfamiliar 
ones.  
During problem-solving interviews, students were given the opportunity to reflect 
on the solutions they achieved through mathematization. This refection not only provided  
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students the opportunity to think about how they were thinking about their mathematical 
ideas but also about themselves as mathematical problem solvers. Table 1.12 shows the 
distribution of these reflective actions across experiences and languages. 
Table 1.12  
 
Codes That Describe Reflective Actions for Horizontal Mathematization 
Language Spanish English 





Context Fam Unf Fam Unf Fam Unf Fam Unf 




0 2 1 2 
 
0 5 0 
Question existing 
knowledge 
3 3 3 0 1 0 0 0 
Reflect on results
 
8 11 23 23 20 9 0 0 
 
The trend for reflective actions echoes the one observed in Table 8 for productive 
actions: These actions are more common for familiar experience problems than for the 
unfamiliar counterparts. This trend supports and illustrates Gravemeijer’s (1993) 
mathematization cycle (indicated by downward arrows in the model) that predicts that by 
mathematizing meaningful situations, students can take the products of their 
mathematization in a process of referring back to the original situation to ensure that 
those products make sense in a realistic manner. As in the previous analyses of 
productive and unproductive actions, I now look into how these reflective actions were 
performed in English and in Spanish.  
Intention: Question Division as They Know It; Consequence: Destabilize 
Knowledge. 
The first reflective action, Question Existing Knowledge, resulted when students 
obtained a solution whose meaning did not conform to more narrow ideas conforming 
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their existing knowledge. This action occurred only once in English, making comparison 
with its more often occurrence in Spanish difficult. The typical way it occurred in 
Spanish was as a gradual questioning of knowledge as a result of scrutinizing ideas. In 
the next example, when a student interprets the remainder of a division as what is needed, 
not as the procedure-oriented idea of what is leftover (lines 3 and 4), his partner 
questioned that what they are doing is really a division (lines 5-12). 
1  HD:  Digamos tú Santa, ¿qué piensas de la idea de Dave?  
2  Santa:  ¿De cuál idea, de la primera o de la segunda?  
3  HD:  De que dice que le faltan 4, en lugar de que le sobran 4, para tener  
4   400 huevos.  
5  Santa:  Entonces no es dividir (raises eyebrows).  
6  HD:  ¿Por qué no?  
7  Santa:  Porque, Dave dijo que le falt-, que, primero había dicho que le sobran, y 
8   luego dijo que le faltan, [[so]] no es dividir.  
9  HD:  ¿Por qué? (Santa looks down) Explícame más, ¿por qué no es dividir? 
10 Santa:  Porque, uhm, cuando tú divides, y te sobra algo, es que, que, como ya  
11  no puedes repartir mas, como ya no lo puedes poner en los mismos 
12  grupos. 
 
(Translation) 
1  HD:  Let’s say, you Santa,  what do you think of Dave’s idea?  
2  Santa:  Which idea, the first one or the second one?  
3  HD:  When he says that he still needs 4, instead of having 4 leftover, to  
4   have 400 eggs.  
5  Santa:  Then it’s not divide (raises eyebrows).  
6  HD:  Why not?  
7  Santa:  Because, Dave said that he still need-, that, first he said that he had 
8  some leftover, and then he said that he still needed some, so it’s not divide.  
9  HD:   Why? (Santa looks down) Explain more, why it’s not divide? 
10  Santa:  Because, uh, when you divide, and you have some leftover, it’s cause, 
11  cause, like you can’t give out any more, like you can’t put it in the same 




Intention: Make Connections; Consequence: Realistic Animation.  
Typically, problem-solving interviews ended by giving students an opportunity to 
Reflect on Results. Through this action, students made important connections between 
the products of their mathematization and the situation from which those products arose. 
Important differences were observed between Spanish and English. In Spanish, students 
used gestures as they anchored their reflections on the models they constructed. These 
reflections were also elaborated in group, with lots of animation of the situation, where 
the protagonists of this animation are the solution achieved, and the consequences for the 
actors of the situation. In the next example, a student animates a situation with his 
imagination, and he uses this animation to explain a practical meaning of multiplication 
(lines 4-7). His partner acknowledges his animation (line 8). 
1  HD:  ¿Qué tiene que ver lo que está haciendo la señora con lo que hicieron 
2   ustedes? Ella está abriendo cartones de huevo y ustedes están 
3   multiplicando.  
4  Ariel:  Que ella está abriendo paquetes para ver cuántos va a necesitar, porque 
5   todavia no llegan los niños y ella se está apurando a abrir los paquetes, y 
6   multipliqué para, para ayudar rápido para que no estuviera contando, 
7   contando (finger gesture for counting), rápido.  
8  Sylvia:  Uh-huh.  
 
(Translation) 
1  HD:  What does what the cafeteria lady is doing have to do with what  
2   you guys are doing? She is opening egg cartons whereas you are  
3  multiplying.  
4  Ariel:  That she is opening packages to see how many she’s going to need, 
5    because the kids aren’t there yet, and so she is hurrying up to open the 
6   packages, and I multiplied to, to help her do it fast so she won’t have to 
7   count, counting (finger gesture counting) fast.  





Intention: Make Connections; Consequence: Using Learned Definitions.  
In contrast, in English students’ reflections were more individual, supported by 
ideas, terms, or definitions learned in class. In the final example, students try to 
accommodate the idea of fact families (lines 2-5) with what each of them did, one did 
addition and the other did multiplication. Notice how students bring up these connections 
with a sense of hesitation (line 2) and then they struggle trying to remember these 
definitions (lines 15, 20-22, 24-26). 
1   Eddy:  You get the same answer by multiplying and adding cause there’s… 
2   Josué (frowns): They’re the same family?  
3   Eddy:  Yeah.  
4   HD:  They’re the same?  
5   Josué:  Yeah, they’re the same, family.  
6   Eddy:  Yeah cause what I said, on this (points to screen) when you multiply this 
7   and 6, well he said 3x1 is 3 and 3x1 is 3, so then he plused it, he added uh, 
8   3 times (shakes head) 3+3 is 6.  
9   HD:  And also 3x2 {Eddy: is 6} is 6. So what is the connection between 
10   adding and multiplying?  
11  Josué:  Because they’re the same, they’re the same family.  
12  HD:  They’re the same family?  
13  Josué:  Yes.  
14  HD:  What do you mean “family”?  
15  Josué:  Like uh,… 
16  Eddy:  He means like uh, like division (1 finger) and subtraction (another finger) 
17   are like cousins (brings both fingers together) or bro-  
18  Josué:  Or brothers.  
19  Eddy:  Yeah, or in the same family.  
20  Josué:  And, division, and, (shakes head) I mean not division, multiplying and 
21   division are in the same family, brothers or cousins. Because, if I uh, do, 3 
22   plus, no, 5x10, no (hits head) 5+5 equals 10.  
23  HD:  Well, let’s use this example (point to screen), you said 3+3 equals 6, and 
24   2x3 equals 6. Is that a family? (José does not answer).  
25  Eddy:  Yes (tells Josué).  




Summary of Reflective Actions Performed Across Problems and Across Languages 
 
Acts of reflection showed important differences in how students produced them in 
their two languages. The action of questioning one’s own knowledge requires engaging 
moral qualities such as intellectual courage, intellectual honesty, and wise restraint 
(Polya, 1954). The fact that this action occurred more often in Spanish than in English is 
consistent with other risk-taking actions that students performed in this language as 
shown in the analysis of unproductive actions. This risk taking seems to have been 
facilitated by sharing the action as a group, instead of assuming individual responsibility. 
The consequence of this action is very important as the questioning of otherwise 
fossilized ideas learned in classroom instruction can destabilize and eventually restructure 
mathematical knowledge.  
Finally, when students reflected on results in Spanish, they animated their 
reflections by using existing models to reason about the meaning of these models vis-à-
vis the meaning of the real actions implied in a problem situation. These realistic 
animations produced coherent connections between the situation and their 
mathematization, connections about which students expressed determination. In contrast, 
reflections in English were influenced by terms, definitions, and ideas that students 
learned in class. As they struggled remembering these definitions, the connections they 











In this study I used speech act theory (Austin, 1962) with its emphasis on 
language as action to investigate the effect of experience and bilingualism on the kinds of 
actions that matter for bilingual mathematization, as well as how these actions are 
performed in Spanish and English. The analyses of productive, unproductive, and 
reflective actions suggest that bilingual students’ mathematization is a process that is 
influenced by students’ multicultural experiences and by students’ bilingualism in ways 
that are still not found in bilingual mathematics education research. When students solved 
problems about familiar experiences, they organized and coordinated more productive 
actions for mathematization than when they solved unfamiliar experience problems. Also, 
when students solved problems about unfamiliar experiences, they organized and 
coordinated more unproductive actions for mathematization than when they solved 
familiar experience problems. Finally, students performed more reflective actions when 
solving familiar experience problems. This trend was observed in both English and 
Spanish. Further, similar productive actions ratios across the four mathematical domains 
and across the two languages indicate that familiarity with an experience more than 
doubles the productivity in mathematization. On the other hand, the ratios of 
unproductive actions revealed that students were more unproductive in one domain, 
combinations, which was given in English.  
Also, similar actions, whether productive, unproductive, or reflective, were 
produced in unique ways in each language. These unique ways require the following  
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discussion about how bilingualism and experience are cognitive resources for 
mathematization. 
First, differences in action performance in Spanish and English appeared to be 
linked to different intentions (illocutionary acts) and different consequences 
(perlocutionary acts) that students coordinated in each language. But language itself is 
not what generates these contrasting intentions and consequences, but the intersection of 
students’ bilingualism with experiences and, more importantly, where this intersection is 
situated in relation to contextual factors. In other words, bilingualism and experience do 
not intersect freely in every context that is relevant in the students’ lives; while they are 
practiced unrestrictedly in out-of-school contexts, the influence of ideological, policy, 
and programmatic factors often restrict their practice in school settings, especially when 
traditional views about language and mathematics are adopted.  
Therefore, when the conditions in which students’ bilingualism and experience 
intersect are considered, possible explanations for the different patterns of 
communicative acts observed as students mathematize transcend purely linguistic or 
purely experiential explanations. For example, the analysis shows that students preferred 
to frame their productive actions in English rather individually, impersonally, 
economizing language, avoiding details, and relying on words on a problem or sometimes 
the researcher as the source of justification for their actions. Even in the cases that they 
animated a situation, they tended to devote the animation to numbers in the solution. In 
Spanish, they performed similar actions by including a partner in a contribution, or by 
sharing with a partner what they noticed in a problem, or by questioning a partner’s  
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understanding of a problem, that is, they framed these actions more socially and more 
collaboratively. In the cases they animated a situation, they animated people, their 
actions, and accounted for these actions in terms of the mathematical ideas involved. 
While there is nothing intrinsically undesirable about how these actions were performed 
in either language—after all, they are productive for mathematization as the analysis 
shows—when they are contrasted within a perspective and conceptual framework that 
emphasizes the use of discourse for learning mathematics, these contributions to 
mathematization seem better aligned in Spanish (if discourse serves to connect people in 
learning) than in English (unless discourse serves to make people more individual, more 
independent learners). And when these actions are considered with the knowledge that 
bilingualism and experience are not used in school contexts as cognitive resources, their 
differential contribution to mathematization in each language suggest the effect of 
patterns of interaction and of language use from the student’s past learning environments 
(school, home, community, networks, etc.) that inhibit more individual actions in Spanish 
and prevent more social actions in English. 
Besides facilitating productive actions, familiar experiences also facilitate robust 
understanding of a situation to the extent that students feel comfortable taking the 
products of their mathematization and referring back to the situation to establish 
important connections between these products and what they mean for the original 
situation. Even these acts of reflection show important differences across the two 
languages. For example, in Spanish students made connections between solutions and 
situations by animating the situation and basing their animations on existing  
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mathematical models. In contrast, for their connections in English they struggled to bring 
up learned definitions that they consider pertinent for the connections they were trying to 
make.   
However, unfamiliar experience problems not only drew students to generate 
more unproductive actions for mathematization, but they also inhibited the important 
process of reflection, by which students get a chance to revise their mathematical 
knowledge as well as the knowledge about themselves as mathematical thinkers. The fact 
that even unproductive actions were performed differently, with more sharing with a 
partner in Spanish and with more referring to words in a problem in English, support the 
view of bilingualism and experience as cognitive resources. These difficult actions were 
shared among peers in Spanish, highlighting the social-supportive dimension of these 
resources.    
That bilingualism and experience are not used in schools as cognitive resources 
for mathematization is perhaps the result of not knowing how they constitute resources. 
The findings in this study suggest that as students perform communicative acts in English 
and in Spanish, they may be invoking patterns of language use that emphasize what their 
acts reveal. The almost exclusive use of English for a mathematics instruction that does 
not capitalize on mathematization, the lack of student-student interaction in these 
students’ mathematics classrooms, and the use of mathematics problems that do not 
reflect students’ relevant experiences need to be considered (and questioned) when 
patterns of these students’ communicative acts in English suggest that they view 
mathematics as a private, individual, and impersonal experience; that not knowing or not  
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understanding the meaning of a procedure is embarrassing or frustrating, that problems 
come with keywords that signal how to solve them; that lack of understanding should be 
hidden with secretive voices; and that what matters is fast and exact answers achieved 
individually. The ratios of productive actions and unproductive actions used in this paper 
support the inclusion of familiar experiences in problems and the use Spanish for 
mathematics instruction as a model that could infuse the English interactions with the 
social and collaborative patterns observed in the Spanish interactions. 
On the other hand, the neglect of Spanish for mathematics instruction, although 
criticizable as a subtractive educational practice, has the effect of liberating this language 
from the bad influence that English is subjected to through procedural-driven instruction.     
Finally, in the present conditions, bilingualism and experience are cognitive 
resources because students’ performance of actions, by being different in each language, 
give these learners an expanded repertoire of ways of achieving mathematization. 
However, I propose that bilingualism and experience can be resources in a different way. 
This way would require that more optimal conditions existed for learning mathematics in 
both languages. These conditions would include instruction that capitalizes on familiar 
experiences to reveal more productive actions in English of the kind that learners perform 
to relate to one another in Spanish. These conditions would also necessitate the inclusion 
of Spanish in mathematics instruction to allow students to make the important 
contributions they have shown they can make when the language they use to 





SECTION 2: Bilingualism and Learning Mathematics: A Literature Review 
 
Rationale 
 The question that guides this paper is: How has bilingualism been conceptualized in 
research on mathematics learning? The question suggests a contrast between two views 
on language: (a) the view of language as a tool that constructs mathematical knowledge 
and (b) the view of language and mathematical knowledge as simultaneously 
constructing each other. I use this contrast to make sense of the literature that links 
bilingualism to mathematics learning. I also use this contrast to organize this review into 
two kinds of studies: the kind that supports a view of language as a tool for constructing 
mathematical knowledge, which generally corresponds to a cognitive, individualistic 
approach, and the kind that endorses a simultaneous development of linguistic and 
mathematical knowledge, which generally corresponds to an interactionist, social 
approach. Implications emanating from how each approach relates bilingualism to 
mathematical knowledge, including what counts as mathematical knowledge, are 
discussed afterwards. 
Selection Criteria 
To select studies for this review, I considered empirical studies that associated 
bilingualism with mathematics learning. Various degrees of bilingualism as well as 
various languages were considered, therefore U. S. and international studies are included. 
Since studies associate bilingualism with mathematics learning through various 
constructs, the studies selected reflect this variety of constructs, which include various 
proposals that link bilingual proficiency to mathematical competence, aspects of  
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language (grammar, vocabulary, semantics), the Threshold Hypothesis (Cummins, 1976), 
and the mathematics register (Halliday, 1978). Studies that merely mentioned these areas 
and constructs or that did not focus on bilingualism and mathematics were not selected.  
The View of Language as a Tool for Constructing Mathematical Knowledge 
  
It is not uncommon that students who are developing their bilingualism are 
ignored during mathematics instruction, are taught mathematics differentially, or in some 
cases are not taught mathematics at all until they learn English, the language of 
instruction. These instructional practices reflect a devaluing of bilingualism by insisting 
that students acquire and switch to English for academic purposes, relegating Spanish to 
non-academic uses. Moreover, the practice also reflects the rather problematic view of 
language as a tool for constructing mathematical knowledge, by placing an unnecessary 
emphasis on English as the language for communicating mathematics, and by reducing 
communication of mathematical ideas to a natural language. Mercer (1995) has critiqued 
the view of language as a tool for thinking as “misleading, because tools are normally 
ready-made, given objects that are picked up and used to do a job and are unchanged in 
the process” (p. 6). 
 In this section, I review studies that share this view of language as a tool for 
constructing mathematical knowledge. The studies also suggest causality between 
acquiring English as prerequisite for successful mathematics learning. 
Bilingual Proficiency Linked to Mathematical Competence 
 
In traditional bilingual mathematics research, bilingual proficiency has been 
associated with mathematical competence and both have been located and measured as  
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originating in the individual. Mestre (1988), for example, attributed the mathematics 
underachievement of language minority students to their own semilingualism. The term 
semilingualism (Cummins, 1976) refers to an alleged condition of limited bilingualism 
(Cummins, 1981) or to low levels of linguistic development in a bilingual’s two 
languages. This causality, common in the rest of studies in this section, oversimplifies the 
relationship between bilingualism and mathematics. 
 The individual association between bilingual proficiency and mathematics 
competence fails to recognize the social dimension of bilingualism. In classrooms, this 
association has translated as differential classroom instruction as a result of lower teacher 
expectations (Valdés, 1999) that focus too much on the individual and too little on 
student interaction. Unfortunately, it is not uncommon that teachers differentiate 
mathematics instruction according to whether they perceive some students as less 
bilingual than others. As Brenner (1998) explains about Miss G’s overuse of direct 
instruction in algebra to her limited English proficient students, “She felt the [limited 
English proficient] students in the sheltered instruction class needed more direct instruction 
or ‘they just didn’t get it’ ” (p. 112). Teacher perceptions of bilingual students also affect 
the quality of mathematics instruction as they tend to focus on English language 
development or computational skills as prerequisites to learning more challenging 
mathematics, therefore delaying the teaching of challenging mathematics. In some 
extreme cases, teachers have expressed resistance to teach mathematics to linguistically 
diverse students with comments such as “I was trained to teach mathematics, not to teach 
those students” (Secada, 1991, p. 35).  
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Others, such as those in Faltis’ (1996) study, by not being certified as bilingual 
instructors, are simply not familiar with what it takes to successfully teach diverse 
bilingual students.  
In the United States, the kind of bilingualism that schools recognize and promote 
as valuable for demonstrating mathematical competence is, with a different name, 
subtractive bilingualism (Cummins, 1984). Instructional programs and models with this 
tacit orientation have emerged, and although some are more sensitive to the time required 
for conceptual and linguistic development (e.g., Garrison and Mora, 1999), most share 
the expectation that mathematics learning for bilingual students should occur fast and in 
English. Cummins (1981a) has criticized these programs for their emphasis on fast results 
by demonstrating that it takes 5-7 years to develop what he calls Cognitive Academic 
Language Proficiency. In fact, the most popular bilingual education program in the U. S., 
transitional bilingual education, not only is endorsed by this programmatic principle of 
learning English fast but it engenders at the policy implementation level the subtracting 
of Spanish just as fast. Baker (2001) describes how this works in our schools:  
In US-schools with large transitional programs, there is sometimes a hidden 
message in the staffing. The people with power and prestige, such as principals 
and assistant principals, are often English monolinguals (García, 1993). The 
people with the least power and status are cooks, lunch monitors, cleaners and 
janitors, who, for example, speak a minority language such as Spanish. The 
language of formal announcement is English; the language used by those who 
serve may be Spanish. The language to learn is the language of power and 
prestige. The language to forget is the language of servitude, stigma and shame. 
This message is loudly proclaimed without words (p.199). 
 
One such program known as CALLA (Cognitive Academic Language Learning 
Approach) endorses a direct-instruction approach whose stated goal is “to provide  
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instructional experiences in English that will prepare ESL students for greater success in 
grade-level [English-only] classrooms” (Chamot, Dale, O’Malley & Spanos, 1992; p. 3).  
 The view of bilingualism as individually located has been used in studies that 
suggest that mathematical proficiency is higher in a first language than in a second 
language. For example, Bernardo (2002) found that the arithmetic word problem solving 
in Filipino, the participants’ first language, was better than their problem solving in 
English, their second language. By testing students individually, key resources are 
excluded such as interaction, talk, modeling, and the use of background knowledge that 
may be induced by all these resources. Instead, this kind of comparison across the 
bilingual’s languages ignores other resources that, if included, may yield different results 
about mathematical competence as measured by arithmetic problem solving ability. The 
validity of these findings would be strengthened if they were understood and 
reinterpreted within the conditions in which they occur as: when measured individually 
and in silence, word problem solving was better in the students’ first language than in 
their second language.   
 Besides individual characterizations of bilingualism, the use of narrow measures 
of mathematical proficiency is also characteristic in studies that associate bilingual 
proficiency and mathematical competence. For example, in a study about mathematical 
proficiency of Filipino-English bilinguals, Bernardo (1999) used narrow definitions of 
previous learning (three-minute periods given to students to review pre-made solutions), 
and transfer (the replicating of previously reviewed solutions) that are better aligned with 
constrained research context than they are with real learning contexts. Bernardo gave  
 
 77 
students probability problems already solved, including “the text of the problem, a 
description of the quantitative relations in the problem and of the relevant principles, 
concepts and equations, and a worked out solution of the problem” (p. 35). The purpose 
was to see if students would transfer solutions more easily to analogous problems within 
the same language than across languages. Because results show that transfer occurred 
within the same language, Bernardo claims that these results explain “the observed 
difficulty some Filipino bilinguals have in expressing in Filipino language what they have 
learned using the English language” (p. 41). Although the problem is investigated rather 
traditionally, by thinking of language as a one-way effect on problem solving, Bernardo 
admits that students’ difficulties expressing in Filipino the mathematics they learn in 
English should not be taken as evidence of poor conceptual understanding in Filipino, but 
“if an English-trained Filipino keeps on using Filipino in discourse on these matters, the 
difficulty would soon disappear” (p. 41).  
Summary of Studies Reviewed 
 
In the studies reported, the mathematics proficiency of bilingual learners is 
internally situated and divorced from a host of external factors that some researchers 
describe as more relevant than previously thought. For example, Baker (1988) and 
Hornberger (1990) have identified factors such as the availability, ethnicity, and 
bilingualism of instructors, their commitment to bilingual education, the student 
composition and the distribution of languages in a bilingual classroom, and the 
availability of bilingual curricular resources. Altogether, these external factors integrate 
the real contexts in which these students experience mathematics instruction. The  
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reduction of mathematical proficiency to narrowly defined processes that can be 
demonstrated individually and in isolation requires substantial revision because “If we 
stop our inquiry at the individual subject, we participate in the same kind of distortion 
that he or she reflects” (Samuelson, 1981, p. 732) and eventually it is easier to blame the 
students for their own lack of mathematical proficiency than to investigate factors in their 
mathematics instruction also responsible for this proficiency. 
The association between bilingual proficiency and mathematical competence as 
proposed in research is also problematic because it can unnecessarily oversimplify 
instruction of “less bilingual” students. In a recent article, Dominguez (2005) explicitly 
refused to use traditional classifications of bilinguals because bilingualism is a dynamic 
practice that is context dependent and no test can faithfully describe it, much less the kind 
of bilingualism that includes mathematical proficiency. Alternative descriptions of 
bilingualism include bilingualism as a continuum (Valdés & Figueroa, 1994). According 
to this definition, students’ bilingualism fluctuates depending on the people with whom 
they interact, the topic of their bilingual interaction, and the context of the interaction. 
Garcia (2005) describes bilingualism not as an arithmetic sum of two languages, but as a 
process of communicative acts that matter in schooling contexts and that are influenced 
by linguistic, psychological, and social factors. These factors are part of the reality 
suppressed by cognitivist research, and they are not tools but resources for constructing 







Syntax, Vocabulary, and Semantics 
 
The view of language as tool for constructing mathematical knowledge finds 
expression in research that considers the acquisition of this tool as the solution to 
bilingual students’ difficulty in problem solving. This body of research continues the 
tradition of individual, silent reading of word problems. For example, studies have 
focused on bilingual students’ difficulties in understanding math terms or translating 
word problems to math symbols (Casteneda, 1983; Cuevas, 1984; Mestre, 1981), the 
linguistic features of mathematics problems that cause difficulties in understanding and 
solving algebra problems (Spanos, Rhodes, Dale, & Crandall, 1988), the effect of poor 
vocabulary and poor reading comprehension on bilingual mathematics achievement 
(Mestre & Gerace, 1986), the error-prone mathematical writing of students learning 
English (MacGregor, 1993), and the syntactic, lexical, and semantic difficulties faced by 
bilingual students that should be addressed by teaching vocabulary to bilingual 
mathematics students (Dale & Cuevas, 1987, MacGregor & Moore, 1992; Olivares, 
1996; Rubenstein, 1996; Tikunoff, 1985).  
Since this section concentrates the largest number of studies, I select only three to 
illustrate with more detail the focus on language acquisition as the tool required to 
eliminate difficulties. The first example illustrates a concern for correct use of 
mathematical vocabulary (MacGregor, 1993). In this study, an ESL student wrote: “Area 
is the area in a shape the space inside the lines by multiplying the parallel sides like if the 
with of a rectangle is 4 cm and the length is 5 cm then the sum is 4x5=20 cm so the area 
is 20 cm” (p. 54). According to MacGregor,  
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The ESL student who wrote the example given here has obviously learned a 
correct procedure for calculating areas of rectangles…he should have written 20 
cm
2
. There are two important technical vocabulary errors that should be noticed 
by the teacher: ‘parallel’ should be ‘perpendicular’ and ‘sum’ should be ‘product’. 
…It is possible that this student does not understand when the teacher is talking 
about parallel and perpendicular lines, and about sums and products (p. 54).  
 
MacGregor’s error analysis fails to mention for example that students often misspeak 
especially when explaining complex relations as this student is doing in the example and, 
more importantly, that what the student is writing in mathematical symbols (4x5=20) 
makes sense in terms of what he is trying to describe in writing. Moreover, the terms 
identified as misunderstandings could exist if the student is imagining a rectangle as 
having two pairs of parallel sides that intersect at right angles, whereas the sum 4x5=20 
could mean an abbreviated sum. Instead of considering possible interpretations of how 
this bilingual learner makes sense of mathematical processes, the error-analysis is limited 
to more orthodox meanings dictated by the syntax, vocabulary and semantics of word 
problems.  
In another study focusing on semantics, Bernardo (1996) investigated “the task-
specific use of words in word problem solving by looking at how bilingual subjects use 
the words ‘more’ and ‘less’ in a mathematical frame in contrast to a non-mathematical 
frame” (p. 14). Results indicated that students reported more restricted meanings of 
‘more’ and ‘less’ when they red these words in math problems than when they read them 
in stories. Also, they took longer to report alternative meanings in the story than in the 
math problem frame. Although these results support similar findings that highlight the 
resourcefulness of problem solvers in that the meaning they attach to problem solving 
comes from their experience in problem solving (Schoenfeld, 1991), Bernardo’s analysis 
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focuses on the acquisition and mastering of language as the tool for successful 
mathematics learning. As he claims, “Those who are good at math have mastered this 
other language, whereas those who are not that good always get lost in the translation” (p. 
14).  
Using think-aloud protocols with five problems in English and five in Spanish 
administered individually to nine middle school English language learners, Celedón-
Pattichis (2003) focuses on four sources of problem solving difficulty: mathematics 
register, vocabulary, syntax, and mathematics discourse. Using a prescriptive problem-
solving model, the middle school students’ strategies vary from those prescribed by the 
model, including “Reading the problem twice, translating to Spanish, inferring (or lack 
of), understanding mathematical symbols, and ignoring irrelevant words” (p. 81). All of 
these strategies are not reflected in the problem-solving model used in the study, which 
only serves to highlight difficulties because of a mismatch between the students’ 
problem-solving strategies and those prescribed by the model.  
Summary of Studies Reviewed 
The studies reviewed assume that syntax, vocabulary, or semantics constitute a 
main source of difficulty for bilingual students’ successful word problem solving. This 
assumption implies that the acquisition of syntax, vocabulary and semantics eliminates 
this difficulty. Also, the focus on individual errors and individual difficulties in general 
seem to imply that the acquisition of language as tool for constructing mathematical 
knowledge is not a social process but an individual responsibility. Moschkovich (2002) 
critiques this vocabulary approach as “if we focus on a student’s failure to use a technical  
 
 82 
term, we might miss how a student constructs meaning for mathematical terms or uses 
multiple resources, such as gestures, objects, or everyday experiences. We might also 
miss how the student uses important aspects of competent mathematical communication 
that are beyond a vocabulary list” (p. 193). Recent research that looks into discourse as 
opposed to language in the traditional sense has shown that bilingual mathematical 
reasoning (and monolingual for the same matter) is as complex as the resources it 
employs for its expression, suggesting that understanding how bilinguals reason 




 Another version of the view of language as tool is found in research on 
mathematics register. This research has concluded that many difficulties that bilingual 
students encounter as they tried to solve word problems are directly related to a deficient 
knowledge of mathematical register. Halliday (1978) defines this register as follows: 
A register is a set of meanings that is appropriate to a particular function of 
language, together with the words and structures which express these meanings. We 
can refer to the ‘mathematics register,’ in the sense of the meanings that belong to 
the language of mathematics (the mathematical use of natural language, that is: not 
mathematics itself), and that a language must express if it is being used for 
mathematical purposes (p. 195).  
 
In a recent review of research that focuses on the linguistic challenges of teaching and 
learning mathematics, Schleppegrell (2007) associates this difficulty with the 
mathematical register. In her review, mathematical register constitutes a pre-requisite for 
learning high-level mathematics. The one-dimensional view of this register as a source of 
difficulty rules out more complex dimensions that permit extended views such as register 
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as a source for meanings nested in natural languages as suggested by Halliday (1978). As 
a prerequisite for learning, mathematical register is granted an existence that is separate 
from the learner. For example, according to Schleppegrell, “mathematics draws on 
multiple semiotic (meaning creating) systems to construct knowledge: symbols, oral 
language, written language, and visual representations such as graphs and diagrams. In 
addition, it uses features such as order, position, relative size, and orientation in meaningful 
ways” (p. 141). In this description, mathematics does all this instead of the student, as if it 
existed independently from a student who is viewed as “the person as a passive receptacle 
upon which an active world writes its messages” (Sampson, 1981, p. 734). Finally, 
Schleppegrell renders non-native English speakers as limited in academic language as 
opposed to native English speakers: “Learning mathematics and the language of 
mathematics is a challenge for all students, but is especially challenging for students who 
have no opportunities to use academic language outside of school. Such students include 
speakers of nonstandard varieties of English and students for whom English is a second (or 
other) language” (p. 153). Schleppegrell’s statement reflects a naïve believe that it is 
more likely that English speaking students will use academic language outside the school.  
 In another study, Ron (1999) narrowly defines mathematical register as “the 
specific, sometimes specialized, vocabulary and expressions associated with certain 
domains” (p. 24) and, as other researchers interested in this construct, she emphasizes 
that this register is not naturally acquired but it requires direct instruction. The view of 
language as a tool is evident in Ron’s description of “children of elementary age are still  
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learning how to use and manipulate language” (p. 24). Finally, although Ron claims the 
mathematics register is more difficult to acquire than the natural language, she uses 
examples that do not support this. For example, she says “although the relation ‘having 
more’ is easily expressed in the everyday language, the relation ‘having more than’ is 
not” (pp. 25-26).  
Research dealing with the mathematics register has failed to consider this register 
as simply an idealization of how students ought to speak mathematically. Emphasis on 
this idealized way of communicating mathematics diverts our attention from meaningful, 
and perhaps more interesting, ways of communicating mathematical ideas to 
impediments to successful mathematics communication. 
Summary of Studies Reviewed 
Studies in this section assume, to various degrees, the importance of acquiring 
mathematical register for communicating high-level mathematical ideas. In general, these 
studies emphasize the importance of acquiring an existing mathematical register more 
than the importance of students participating in the development and acquisition of the 
register. Moschkovich (in review) critiques the limited interpretations of the mathematics 
register as lists of words, when Halliday (1978) proposed it as a set of meanings. 
Threshold Hypothesis (Bilingual Cognitive Development) 
In 1976, Jim Cummins proposed the threshold hypothesis linking the 
development of bilingual proficiency to cognitive competence. The hypothesis states that 
students can enjoy cognitive benefits of being bilingual only if they have developed high 
levels of bilingualism. The view of language as tool for constructing mathematical  
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knowledge is evident in this hypothesis as it proposes a causality relationship between 
bilingual development and mathematical competence. Dawe (1983) tested this hypothesis 
with Italian, Punjabi, Jamaican, and Mirpuri (spoken by Pakistanis from the district of 
Azad), with English monolinguals as the norm. The study looked at how these different 
groups of bilinguals used logical connectives in the form of selected phrases such as 
“’suppose’, ‘so that’, ‘but’, ’either…or’, ‘if…then’” (p. 331) as a measure of deductive 
reasoning. The implication is that students with weak use of connectives are poor in 
deductive reasoning. Dawe first conjectures that the Mirpuri and Punjabi bilinguals 
would be less likely to use the prescribed logical connectives required for demonstrating 
deductive reasoning than the Italian bilinguals, by arguing about the first groups’ cultural 
isolation from mainstream English culture or the distance between Asian and European 
culture and language. However, statistical analysis shows the opposite of these 
conjectures: While the Italian children were imagined as more likely to use these 
connectives, the Italian actually produced significantly less of the logical connectives 
than the Mirpuri. Dawe then speculates, “That there are Mirpuri children who can reason 
deductively in English as a second language at a higher mean level than their English 
peers is perhaps unexpected” (p. 336). In fact, when hypotheses tested are not supported 
by data, Dawe speculates in various parts of the paper in order to find support for the 
hypotheses, even outside the data analysis, such as cultural factors or parental influence. 
Despite Dawe’s surprise at findings and attempts at reconciling results with conjectures, 
the study does not support the threshold hypothesis. 
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A similar study, with the threshold hypothesis not explicitly stated but implicated in the 
study’s research questions, was conducted by Bernardo (2002). He investigated three 
possible effects on the problem-solving ability of grade-two bilingual students: first 
language, the language of problems, and the difficulty of problems, thus emphasizing the 
one-way effect of language on mathematics competence. Using a 2x2x2 analysis of 
variance, “Of the three possible main effects, only the main effect of difficulty was 
statistically significant” (p. 289). In this study, understanding is narrowly viewed as 
correct recall. For example, to measure students’ understanding of the word problems, the 
researcher tested students individually and asked them to recall the problems after 
reading them, and “correct recall of the problem information would suggest that students 
correctly understand the problem” (p. 286). Although two of the three main effects 
investigated, first language and the language of the problem, were not statistically 
significant, and only the difficulty of the problem had a statistically significant effect on 
problem solving, Bernardo (2002) makes claims unsupported by the statistical analysis. 
For example, he claims that “The results show that both understanding and solving a 
word problem are more adversely affected when the word problem is in the bilingual 
student’s second language” (p. 294).   
In another study that highlights obstacles to understanding and solving math word 
problems, Bernardo (1999) also deals implicitly with the threshold hypothesis by 
comparing low achieving and high achieving elementary bilingual students. In his results, 
he reports: “the language of the problem does not seem to be an important factor for high-
achieving students. These students are much less likely to commit gross comprehension  
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errors of the text that lead to incorrect problem solution with both Filipino and English 
problems. The high-achieving students apparently have no difficulty with parsing English 
texts” (p. 161). And he also adds: “It may be that good learners are able to acquire 
English language skills better and this achievement allows the same students to benefit 
more from mathematics instruction in English.” (p. 161). The study’s comparison of 
high-achieving and low-achieving students replicates the view of language acquisition as 
the condition that causes mathematics achievement. 
The threshold hypothesis is also the focus in Secada’s (1991) study with first 
grade bilingual students. With a more cautious approach in regard to constructs and 
research tools used than the previous studies, in this paper Secada investigates “whether 
or not the cognitive benefits of being bilingual […] can be found in an academic area in 
which performance relies on the processing of linguistic information, as is the case of 
solving addition and subtraction word problems” (p. 213). The author measured bilingual 
fluency (using story retelling) as an approximation of bilingual proficiency, and 
mathematical fluency (using verbal counting up and verbal counting down tasks) as an 
approximation of mathematical proficiency. Secada claims that “Though the pre-LAS 
story retelling is a measure of language fluency, it also makes demands on children that 
mimic task demands for solving word problems” (p. 221). Running correlations, the 
author concludes that these bilingual children, when compared to performance by 
monolingual children on similar problems, they found the same patterns of problem 
difficulty as the monolingual children did. However, Secada steps back on this 
comparison arguing that because bilingual children solved problems in two languages  
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and monolingual children solved problems only in English, “it is not clear what sort of 
comparison would be a fair one” (p. 226). Secada expresses disconcertment at the finding 
that students performed better in English only for the easiest kinds of problems (“result 
unknown” kind of problem), especially when compared with Adetula’s study with 
opposite results. The fact that students were able to solve some problems is used by 
Secada to recommend against the view of prerequisite basic skills before teaching 
problem solving. As for the threshold hypothesis, Secada’s results indicated “a 
relationship between problem-solving performance and proficiency in a given language 
when that proficiency was measured by verbal counting up and verbal counting down. 
However, this relationship did not appear on the pre-LAS story retelling task” (p. 227), 
which makes the researcher speculate about the hypothesis that: “one could argue that a 
certain minimum competence in both languages is needed before the story-retelling task 
can predict problem solving competence” (p. 227).   
Summary of Studies Reviewed 
The studies reviewed use narrow definitions of cognitive constructs, such as 
understanding is recall or deductive reasoning is using logical connectives or 
mathematical fluency is counting up and down. In addition, bilingual students are 
required to acquire high levels of bilingualism as prerequisite for producing instances of 
these narrowly defined constructs. Because students have no control over these objects 
and constructs, they only serve to accentuate polarizations between good problem solvers 
and poor problem solvers. Sampson (1981) comments about these objects: “It is as 
though objects and situations simply wait ‘out there’ to be encountered by the perceiving  
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subject who deals with them in some manner and then moves on” (p. 735). This way of 
organizing and prearranging the interaction between subjects and objects imposes limits 
that create the impression that unless students have acquired and have learned to use their  
bilingualism as a tool for constructing mathematical knowledge, they will experience 
difficulties in learning mathematics. If they do not produce the expected words or 
behavior that is aligned with a prearranged object, then they are viewed as lacking these 
resources. MacSwan (2000) critiques the threshold hypothesis arguing that language 
variation, the premise on which the hypothesis is articulated, is universal. As he explains, 
“if the idea that someone has deficient levels of linguistic competence is simply equated 
with a difference with linguistic competence (different as compared with other members 
of the community), then it will likely be true that each of us has deficient levels of 
language in some respect” (p. 17). 
Looking Back at Previous Research 
 
Although the studies reviewed may seem unrelated, the areas and constructs they 
explore (linking bilingual proficiency to mathematical competence; syntax, vocabulary 
and semantics; the threshold hypothesis; and the mathematics register) share a common 
focus: bilingual development as preceding (and causing) mathematical development. This 
focus reflects a view of language as a tool for constructing mathematical knowledge. 
Although well intended, the focus shifts the goal of learning mathematics to learning 
English. Also common to all these studies is the adoption of narrow definitions of 
mathematics, such as math as procedures, math as definitions, math as scripted problem  
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solving models, and math as an individual and final product instead of as a social and 
developing process.  
Considered as a whole, these studies are not so much about how students learn 
mathematics in bilingual contexts but rather how students should first learn English 
(vocabulary, mathematics register, threshold hypothesis) as a prerequisite for learning 
mathematics. MacSwan (2000) comments: “many researchers in bilingual education have 
openly embraced these notions [of prescriptivism and semilingualism] as a way of 
explaining achievement differences among language minority children in all-English 
programs” (p. 4). In the next section, studies challenge this unidirectional view of 
language as a tool for constructing mathematical knowledge, replacing it with a view of 
parallel development of bilingualism and mathematics. 
The View of Language and Mathematical Knowledge as Mutually Constructing Each 
Other 
 
New research perspectives used with bilingual students emphasize more real 
contexts in which mathematics teaching and learning could occur. Unlike earlier studies, 
new perspectives view teaching and learning as closely related processes. Earlier views 
about language as a tool for constructing mathematical knowledge—an unchangeable 
tool with a separate existence from the learner whose responsibility is to acquire it and 
master it—permitted a stricter separation of teaching and learning and of teachers and 
students. Students interacted with language mainly as it was printed in written tests and 
they completed these tests individually and silently. This is no longer the case. With 
interaction and discourse as major phenomena capturing research interest, research now  
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brings together students and teachers or groups of students, occasioning the recognition 
of resources not considered before.  
I organize this group of research studies into teaching and learning mathematics in 
bilingual contexts from three different approaches: the socio cultural approach, the 
mathematization approach, and the interactionist approach. 
 Teaching and Learning Mathematics in Bilingual Contexts: The Sociocultural 
Approach 
This research area has been guided by the socio-cultural approach (Vygotsky, 
1962) and it includes two important groups of researchers: Those who are interested in 
documenting the resourcefulness of bilingual students as they participate in social and 
cultural experiences outside the classroom and those who are interested in the 
resourcefulness of bilingual students as they participate in classroom or classroom-like 
mathematical activity. Both groups have the common interest of understanding what it 
takes to teach and learn mathematics with understanding in bilingual contexts. 
Participation Outside the Classroom. 
Highlighting the resources that are available in community practices, Gonzalez, 
Civil, Andrade, and Fonseca (1997), Gonzalez, Andrade, Civil, and Moll (2001), Civil 
(2002), Civil and Andrade (2002), and Nunes, Schliemann, and Carraher (1993) have 
contributed some ideas for making connections between real-world knowledge and 
mathematical knowledge. I review one study in detail to illustrate the general orientation 
of this body of research. 
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In a study about how teachers who are sensitive to students’ cultural competence, 
bilingualism, and families and communities “use their connections with children to build 
on their informal mathematical knowledge” (p. 717), Gutstein, Lipman, Hernandez, and 
de los Reyes (1997) used critical theories of education (Ladson-Billings, 1994) to 
highlight not mathematical teaching/learning but a predisposition of teachers to 
understand what students bring from outside the classroom. For example, in contrasting 
the principles from NCTM Standards and from culturally relevant teaching, the authors  
remark, “For the NCTM, informal mathematical knowledge is central, whereas for 
culturally relevant teaching, cultural knowledge and student experience are key” (p. 722). 
This kind of research offers compelling examples of student successful 
participation outside the classroom as evidence for the possibility of similar success in 
the classroom. However, the resources this research identifies and associates with 
learners are usually located in contexts that, however real and relevant in students’ lives, 
are not represented in school contexts and therefore there remains the question of how 
these resources can be used in schools. A focus on resources not included in school 
settings may be a focus on remote possibilities in that not everything that this research 
considers as a resource is actually a resource when students walk into their schools. 
Participation In the Classroom or In Classroom-Like Settings. 
As compelling as the cases of successful participation outside the classroom are 
the cases of meaningful participation of bilingual students in classrooms or in classroom-
like settings. For example, Khisty (1995) studied two kinds of teacher-student 
interactions as facilitated by two teachers, and how the talk used by teachers allowed  
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students to construct different kinds of meanings. According to Khisty, the teacher who 
used more Spanish was more empowering because her students were constructing 
mathematical meanings within the contexts she created with her talk. This study shows 
how teachers’ dialogic actions are indicators of power sharing or disempowerment. In a 
similar study, Khisty and Viego (1999) analyzed some characteristics of a teacher’s talk 
during mathematics instruction and found that this teacher used students’ responses to 
make meaning. As for the view on language, Khisty and Viego concluded that “the 
students acquired the language by hearing it used frequently in context in natural 
communication” (p. 78). That language is acquired as it is used in mathematical talk 
contrasts, as suggested in this study, contrasts with the view of language as a tool 
embraced by earlier research. 
Showing two examples, one about bilingual students discussing rectangles with 
same area but different perimeters, and another about bilingual students comparing the 
steepness of two lines using graphs and corresponding equations, Moschkovich (2002) 
used a situated socio-cultural perspective to analyze the resourceful communication of 
bilingual students, which included drawings, gestures, and even invented words that 
made sense in the context in which the students used them. Moschkovich concludes that a 
focus on vocabulary to analyze the first example would “fail to capture students’ 
competencies in communicating mathematically” whereas a focus on semantics to 
analyze the second example would not be “sufficient for describing all of the resources 
that students used” (p. 200). Instead, Moschkovich highlights the linguistic and 
mathematical development that occurs as students interact over mathematical tasks. 
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In a study with second grade bilingual students, Dominguez (2005) investigated 
the role of mathematical tasks in eliciting the bilingual communication (including speech, 
gestures, and student work) of mathematical reasoning. The researcher videotaped 
students in pairs solving two comparison problems, two action cue problems, and two 
static set relation problems. He found that students used speech and gestures for two main 
purposes: (a) to communicate their mathematical ideas and (b) to regulate their own 
cognitive activity, that is, to explain things to themselves. While point (a), the use of  
language to communicate mathematical ideas, is recognized in earlier studies, point (b), 
the use of language to regulate cognitive activity that in turn affects language, as this 
study suggests, is neglected.   
Challenging the traditional distinction between everyday and mathematical 
discourse practices, Moschkovich (2007) shows data from a third grade bilingual 
classroom where students were discussing what it takes for a geometric shape to be 
classified as a parallelogram. The author examines “how meaning for utterances reflect 
particular ways to focus attention” and shows that “utterances can have multiple 
meanings depending on the focus of attention during joint activity” (p. 25). An important 
point the author makes is the demystifying of mathematicians and their discourse, and 
instead insists that even they are real people with real resources. The author warns us 
against dichotomizing everyday and mathematical discourse practices, which she sees as 
not exclusionary of each other. She argues: “It is not always possible to tell whether a 
student’s competence in communicating mathematically originates in their everyday or 
school experiences. Everyday Discourse practices should not be seen only as obstacles to  
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participation in academic mathematical Discourse. The origin of some mathematical 
Discourse practices may be everyday experiences and practices” (p. 28).  
Teaching and Learning Mathematics in Bilingual Contexts: The Mathematization 
Approach 
A small group of studies both in U. S. and international bilingual education 
research (the Freudenthal Institute has at present one single project that involves language 
minorities in Realistic Mathematics Education) is interested in the mathematical  
reasoning of bilingual students that is supported by real-world experiences and discursive 
environments (LoCicero, Fuson, & Allexsaht-Snider 1999; Civil, 2002; Dominguez, 
2008). The emphasis is not so much on the socio-cultural as interpreted in the previous 
set of studies, but in a more discursive account of how bilinguals learn mathematics when 
attention is paid to (a) their real-world experiences, (b) their two languages, (c) the 
production of models and the operating on models as well as connections between real-
world knowledge and mathematical ideas as evidenced in discourse.  
For example, LoCicero, Fuson, and Allexsaht-Snider (1999) used children’s 
stories and drawings as a medium to build mathematical ideas in a first-grade classroom. 
The stories were about real experiences the children had, and by sharing these 
experiences, an audience composed of peers and the teacher asked questions that 
eventually highlighted mathematical aspects of the children’s experiences. The authors 
explain that in this social process of mathematizing experiences, “Sometimes this process 
flows easily with little input from the teacher. At other times the teacher makes 
suggestions, especially when he or she needs to introduce a new topic. But we have been  
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surprised at how much can and does arise from the children” (p. 62). As can be seen, the 
bilingual development is intertwined with the mathematical development, and there is 
recognition of a concerted effort to encourage more development as necessary. Students 
not always operate on an explicit mathematical level nor do they always articulate 
mathematical ideas correctly, so participants use what is available in the learning 
environment including supporting resources such as talk, pictures, and interaction, to 
further develop language and mathematics.  
In a project involving the mathematization of construction, Civil (2002) 
demonstrates the various mathematical concepts (measurement, volume, area) that 
students explored by engaging in the scale construction of a house, including student 
questions such as “how do you frame a house?, how do you put electric outlets?, and how 
do you put a roof?” (p. 138). The researcher used knowledge directly gathered from the 
students’ community to develop the theme of the project, and also invited parents into the 
classroom to answer the students’ construction-related questions. The concern expressed 
by the author is not what students know or don’t know, but rather how we can connect 
the out-of-school knowledge to the more formal mathematical knowledge they learn in 
school. In this study, the bilingual learner is someone who is responsible for connecting 
out-of-school experiences to school learning, a characterization clearly different from 
those implied by early studies.  
In a recent study with bilingual fourth and fifth grade students, Dominguez (2008) 
explored how bilingualism and experiences are cognitive resources for bilingual 
mathematization. Using the view of language as action, the study’s findings show that  
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when students solved problems about familiar experiences, they organized and 
coordinated more productive actions for mathematization (for example, they used more 
realistic considerations for their own and their partners’ mathematizing) than in problems 
about unfamiliar experience (where they tended to use more ready-made procedures with 
little attention to meaning). As for the bilingualism as a resource, when solving problems 
in English, students’ utterances were framed as individual contributions that excluded 
partners, or as impersonal contributions lacking details. In contrast, in Spanish students’  
utterances included the partner and were animated with gestures and characterized by 
connections between unmathematized and mathematized situation. The fact that these 
actions emerged both in English and Spanish, but in unique ways in each language seems 
to reflect patterns of language use that students are familiar with and that they invoke as 
they solve problem in their two languages. Availability of resources such as problem-
solving partners, the students’ bilingualism, familiar experiences, and materials to 
translate these experiences into models supported these students’ mathematical reasoning. 
Dominguez suggests using students’ bilingualism and experiences in mathematics 
instruction and learning, as this resource has been neglected for years in U. S. classrooms. 
Teaching and Learning Mathematics in Bilingual Contexts: The Interactionist Approach 
In this approach, researchers investigate how participants in specific learning 
interactions use language for the learning of mathematics, and also how mathematical 
ideas emerge and grow in interaction. 
For example, Turner, Dominguez, Maldonado, and Empson (2007) analyzed the 
productive participation in an after school program of bilingual students in mathematical  
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discussions with other bilingual and monolingual students, a representative student 
population in many U. S. classrooms. Using the construct of the traveling of 
mathematical ideas, the study looks at the interaction between the environment of an idea 
(which includes whether the idea emerged in a small or a large group; in one language or 
in two; in one representation or in multiple representations; expressed once or expressed 
repeatedly; or whether the idea itself was basic or sophisticated) and strategic teacher 
moves as facilitating understanding by all students, including bilingual students. The  
emphasis in other words is not on individual learning but on the social orchestration of 
learning with understanding. The most important result in this study is that great 
mathematical ideas expressed in multiple ways, some transcending linguistic expressions, 
flow from monolingual students to bilinguals and vice versa, illustrating the importance 
of positioning bilinguals in resource-oriented contexts.  
Another study based on student interaction is Barwell’s (2003). In this study, two 
students, one bilingual and one monolingual, interacted during a problem solving session. 
The author focuses on three patterns of attention that run from the creation to the solution 
of a word problem: attention to narrative experience, to the genre of word problems and 
to the mathematical structure of their problems. Unlike previous research that 
dichotomizes students according to levels of bilingual proficiency, as in the threshold 
hypothesis studies, in this study the participants themselves erase this dichotomy as “For 
much of Cynthia and Helena’s interaction, Cynthia’s developing English proficiency 
does not appear to be an explicit concern” (p. 52). Instead, students are concerned with  
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coming up with their own problem in a way that looks like the mathematics problems 
they know and then solve their own problem.   
   A third study based on interaction is Khisty and Chval’s (2002) study of how two 
elementary bilingual teachers’ talk influences the learning environment in which student 
learn mathematics. Khisty and Chval maintain that “understanding how the students in 
this particular classroom become proficient in mathematics depends on understanding the 
process of interaction and the characteristics of talk in this classroom” (p. 154). Unlike  
earlier studies, this characterization of mathematical proficiency maintains a close link 
with language proficiency.  
Looking Back at Recent Research 
 
A key difference between these and prior studies is the importance given to 
interaction. Learning occurs as people interact with one another and with resources that 
are present in the environment, including their bilingualism. More importantly, learning 
of language and learning of mathematics proceed simultaneously, instead of the causality 
suggested by the view of language as a tool. Often, however, learning environments are 
not the same as the classroom where students learn mathematics. This alteration of 
environments permits recognizing students’ unique ways of learning and also for the 
purpose of research, it represents a different way of producing knowledge about learning. 
In the conclusion of this paper, I further discuss this way of producing knowledge about 
bilingual students in mathematics. 
In this review I have shown that the view of language as a tool to be acquired by 
the bilingual learner entered the bilingual mathematics literature in multiple forms,  
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including static constructs such as syntax, vocabulary, and semantics, or dichotomous 
notions such as bilingual proficiency and mathematical competence, or polarizing notions 
such as the threshold hypothesis or the mathematical register, all of which have been 
replaced with the concept of discourse in interaction. As Sierpinska (1998) explains, 
“interactions, and not the psychological subject, have become the object of study” (p. 50). 
For new perspectives, prerequisites for learning mathematics lose relevance as learning 
occurs in the moment as students engage in complex discursive practices. Discourse is,  
according to Gee (1996) “a socially accepted association among ways of using language, 
other symbolic expressions, and ‘artifacts,’ of thinking, feeling, believing, valuing and 
acting that can be used to identify oneself as a member of a socially meaningful group” 
(p. 131). Emphasis shifts from having bilingual proficiency and mathematical 
competence (an “all or nothing” state) to understanding how bilingualism and 
mathematics learning grow together (an interdependent process). Emphasis also shifts 
from a focus on cultural or demographic factors as explanations of problems related to 
learning mathematics to a focus on ways to facilitate productive learning environments 
(Moll & Diaz, 1987). All these shifts in emphasis contribute to weaken the simplistic 
view of bilingualism as a tool for developing mathematical knowledge, giving way to the 
view of bilingualism and mathematical knowledge as developing simultaneously.  
Sometimes, however, researchers that endorse a view of simultaneous 
development of language and mathematics investigate questions by altering the school 
contexts in which bilinguals learn mathematics in such a way that the resources that 
emerge in these new contexts, however real and valuable, are not connected with the  
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more realistic context of the school. Although this approach generally leaves unresolved 
the issue of how to make resources recognizable and usable in school setting, it positions 
students in contexts where they can change the objects and processes with which they 
interact, hence the simultaneous development of bilingual proficiency and mathematical 
competence. What previous research considers as prerequisites, new research views as 
emerging resources during interaction and communication.  
Conclusions 
 
Studies reviewed in the first section explore aspects of the relationship between 
bilingualism and mathematics learning. These aspects include (a) the connection between 
bilingual proficiency and mathematical competence, (b) syntax, vocabulary and 
semantics, (c) the threshold hypothesis, and (d) the mathematical register. The adherence 
of this body of research to a view of language as a tool for constructing mathematical 
knowledge is replaced in recent research by a view of language and mathematical 
knowledge as constructing each other. Also, while earlier research followed individual 
epistemologies that permitted a very limited interaction between bilingual students and 
language (in these studies students typically decoded language by solving word problems 
silently and in isolation), newer research has adopted social epistemologies that allow 
exploration of the student interacting with other problem solvers or with teachers or with 
researchers, thus expanding the range of interaction between the student and language. 






Traditional epistemology, especially in the Cartesian tradition, was highly 
individualistic, focusing on mental operations of cognitive agents in isolation or 
abstraction from other persons…But given the deeply collaborative and 
interactive nature of knowledge seeking, especially in the modern world, 
individual epistemology needs a social counterpart: social epistemology (p. 4). 
 
The divide between earlier and newer research efforts is also evident in the 
keywords that describe each kind of research. For example, earlier research has reported 
findings by using words such as “individual,” “superior,” “inferior,” “less proficient,” 
“more proficient,” “knowing,” “lacking,” among other words that evoke an image of an 
unsuccessful bilingual learner who, in order to transform his/her deficiencies into  
proficiency must first acquire linguistic competence before being able to construct 
mathematical knowledge. Some researchers have described these labels for deficiencies 
as “limited positions we have constructed for them” (Koyama, 2004, p. 418) and others 
have identified success and failure as culturally produced (McDermott, 2002). Traditional 
research also assumes the existence of prerequisites in order for bilingual students to 
become superior mathematics problem solvers. More recent research, on the other hand, 
describes findings with words such as “intersubjectivity,” “resources,” “meaning,” 
“wealth of knowledge,” “discussion,” “interaction,” “mathematical ideas,” “discourse,” 
“learning environment,” and “understanding.” What matters in this research is the 
interaction between bilingual learners and resources that exist in real learning 
environments. 
  Therefore, while earlier research treats language as a phenomenon that exists 
independently from the learner and the content of learning, recent research rejects this 
separation and considers the bilingual learner in charge of a parallel development of  
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bilingualism and mathematical knowledge. While earlier research insists on prerequisite 
qualities in the language development, recent research views language and mathematical 
cognition as developing simultaneously.  
 Finally, the cognitivist approach used in early research has placed too much 
emphasis on the individual. Sampson (1981) argues that the cognitivist emphasis on the 
individual to the point that the contexts in which the individual exists are negated is a 
form of denying reality. In this approach, bilingual proficiency is viewed as an individual 
attribute originating in the individual and separate from other resources and from the  
development of mathematics. The studies reviewed in this section exemplify not only 
how unrealistic but how damaging it can be to overemphasize the individual dimension 
of bilingual proficiency, while overlooking the varied and interdependent resources that 













SECTION 3: Using What Matters to Students in Bilingual Mathematics Instruction 
Recognizing Students’ Interests 
What matters to students—their out-of-school interests they cannot wait to go 
back to when they leave school everyday—is often not recognized as having 
mathematical value by schoolteachers or by parents. One of the most widely researched 
perspectives that recognizes the usefulness of out-of-school knowledge for mathematics 
instruction is funds of knowledge (Velez-Ibáñez & Greenberg, 1992). According to this 
perspective, funds of knowledge are “accumulated bodies of knowledge and skills 
essential for the household functioning and well-being” or “reservoirs of accumulated 
knowledge and strategies for survival that households possess” (González, Andrade, 
Civil, & Moll, 2001, pp. 116-117). This research focuses on a kind of knowledge that 
contributes to the functioning of households or communities, for example the knowledge 
used in construction (Civil, 2002), dress making (González, Civil, Andrade, & Fonseca, 
1997; Gonzalez, Andrade, Civil, & Moll, 2001), street selling (Carraher, Carraher, & 
Schliemann, 1985; Nunez, Schliemann, & Carraher, 1993), and sugarcane farming 
(Abreu, 1995). The research, however, does not explicate whether students participate in 
this knowledge out of their own interests or simply as an obligation. In a recent after 
school program in Chicago, we took students to visit various commercial establishments 
in their community (flower shop, beauty salon, firefighting station, mechanic shop). 
Students later demonstrated difficulty when they were asked to mathematize the practices 
they had observed at these establishments, that is, to try to understand and organize a 
nonmathematical situation according to some mathematical perspective (Gravemeijer &  
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Doorman, 1999). Upon reflecting, we project researchers realized that these places had 
been selected according to our adult vision of productivity and of mathematics being used 
in jobs, which does not necessarily reflect the students’ visions of what matters to them in 
their own realities and how they use mathematical ideas in situations that truly matter to 
them. Our assumption that community knowledge must be as relevant for students as it is 
for the adults in the community was, as we later realized, problematic. 
In this paper I show how using what matters to students in mathematics problems 
can make a difference in the quality of student mathematical reasoning. To illustrate the 
quality of their reasoning, I show examples of how their talk differed when solving 
familiar experience problems than when solving unfamiliar experience problems, and 
also how they framed their talk differently in English and Spanish. Finally, I offer 
suggestions for teachers to transform knowledge about what interests students into math 
problems.  
Good Problems and Good Problem Solvers 
Research suggests that students’ problem-solving performance is affected by the 
kinds of problems they solve. For example, Nasir, Hand, and Taylor (2008) show that 
high school students who played basketball performed better when solving the 
mathematics problem of finding an average contextualized within the practice of 
basketball playing than when solving the same problem but with context completely 
stripped off and presented in an arithmetic format. As Nasir et al. explain, the difference 
in how students solved these problems “reflect differences in students’ sense of 
themselves and their abilities in these settings” (p. 189). It is possible that these students  
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may associate the basketball problems with a situation with which they are familiar and 
in which they experience success. At the same time, they may associate the arithmetic 
problems with test taking or traditional mathematics instruction in which unfortunately 
they have experienced little success and this association may interfere with their ability to 
solve the problem.     
Finding Out What Is Familiar to Students 
 I started this study by visiting the homes of 21 students for interviews with them 
and their parents about the students’ interests, hobbies, activities, and responsibilities. 
These interviews revealed a broad range of direct and continuous participation in student-
selected experiences such as art classes, swimming, playing soccer, playing videogames, 
riding bicycles, reading, shopping, as well as parent-imposed participation in other 
activities such as preparing small meals for younger siblings, helping mothers with small 
house chores (e.g., washing dishes, making the bed, or washing the car) and assisting 
fathers with their jobs (e.g., electrical, construction). When students reported certain 
activities with excitement in front of their parents, such as playing videogames, parents 
looked at them disapprovingly, commenting that they restricted the amount of time for 
such activities. In contrast, when students reported activities such as helping parents or 
siblings with their work with lack of excitement and at most a sense of duty, parents 
seemed pleased by their productive contributions to the wellbeing of the home. From all 
these activities, I selected the most common ones to frame as mathematical problems. I 
used three criteria for representing these activities as problems: (a) Problems were about 
situations that could in fact happen and for which students would not know the answer  
 
 107 
immediately, (b) When possible, I left out key information so students could supply it 
from their own knowledge of the activity, and (c) Problems followed the language 
students reported using in the activities. In pairs, students solved half of these problems in 
English and half in Spanish. As they solved the problems, minimal code-switching 
occurred and instead they adhered to using the language reported in the original activities.  
The Problems 
Students solved two sets of problems. One set was about creating combinations 
through the fundamental counting principle. This principle states that if there are n ways 
of choosing one thing, and there are m ways of choosing another thing, then there are n ! 
m ways of choosing both things. The other set of problems was about measurement 
division with remainders. In measurement division, the size of the groups is known and it 
can be used to measure the number of groups which is unknown. The two sets of 
problems were framed as follows: In the combinations domain, one problem used the 
practice of video game playing as reported by students in previous interviews and 
considered as unproductive by parents, and a mathematically equivalent problem was 
framed by using a context with which students were not familiar. These problems were 
given in English, following the language of the videogame experience. In the 
measurement division domain, one problem used the practice of making scrambled eggs, 
quite familiar to students and considered as productive by parents, and a mathematically 
similar problem was framed by using a context unfamiliar to students. These problems 
were given in Spanish, following the language of the food preparing experience. All 
problem-solving sessions were videotaped and later transcribed for analysis. 
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Prior to solving these problems, I asked teachers to pair up students so as to not 
have one dominating the conversation. I also asked teachers to select students who could 
comfortably talk about solution processes in English and Spanish. Table 3.1 shows the 
two problems in English and Table 3.2 shows the two problems in Spanish.   
Table 3.1  
Combinations: Fundamental Counting Principle (Problems in English) 
Problem with Unfamiliar Experience Problem with Familiar Experience 
A print shop makes business cards. It 
has 5 colors of paper, 3 colors of ink, 
and 2 paper textures available. ¿How 
many different business cards can the 
print shop make? 
In the game The Sims© you can create and control 
people. These are the options to start creating people: 2 
genders and 3 skin tones. 
 
a. How many different people can you create with these 
two options? 
 
b. How many different people can you create if besides 
the first two options (gender and skin tone) there is a 
third option, 4 hair colors? 
Table 3.2  
Measurement Division with Remainder (Problems in Spanish) 
Problem with Unfamiliar Experience Problem with Familiar Experience 
Un organizador de fiestas está organizando 
un banquete para 500 personas. Necesita 
comprar platos y vasos. Los platos vienen 
en paquetes de 30 y los vasos en paquetes 
de 24. ¿Cuántos paquetes de platos y 




A party planner is organizing a banquet for 
500 people. He needs to buy plates and 
glasses. Plates come in packages of 30 and 
glasses in packages of 24. How many 
packages of plates and how many packages 
of glasses does he need to buy? 
Para el desayuno escolar, la señora de la 
cafetería de tu escuela tiene que hacer 
huevos revueltos para 400 niños. ¿Cuántos 
cartones de huevo tiene que abrir? 
 
(Translation) 
For the school breakfast, the school 
cafeteria lady has to make scrambled eggs 
for 400 kids. How many egg cartons does 
she have to open? 
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Framing Productive Actions Has Something to do with the Type of Problem 
Although parents were reluctant about the productivity of one of the familiar 
experiences, namely the videogame playing, and were more approving of the other 
experience, food preparing for a sibling, students demonstrated higher levels of 
productivity when they solved problems about experiences they knew very well than 
when they solved problems about unfamiliar situations. This corroborates Nasir, Hand, 
and Taylor’s (2008) observation about the students’ sense of themselves. Their 
mathematical productivity in these problems seems to indicate greater attention to 
situational variables with which they deal regularly as part of their continued and 
interested participation in these activities. Table 3.3 shows the various ways in which 
students were productive in their mathematization (left-hand column) and the frequencies 
of these productive actions (right-hand columns). These are not actions in the traditional 
sense of the word. Instead, they are influences that students exert on their own as well as 
their partners’ mathematical reasoning. They are, in other words, the kinds of actions that 











Productive Actions for Mathematization  
English Spanish 
combinations measurement division 
 
Actions 
Unfamiliar familiar unfamiliar familiar 
Contribute knowledge for construction 1 4 3 17 
Notice problematic aspect 1 2 1 8 
Question emergent solution 5 2 4 7 
Use realistic consideration 1 7 18 23 
Offer partner realistic consideration 0 6 4 7 
Use knowledge to modify construction 2 30 1 11 
TOTAL PRODUCTIVE ACTIONS 10 51 31 73 
 
That there are more of these actions in Spanish than in English should not be 
misinterpreted as unequal levels of bilingual proficiency or unequal levels of 
mathematical proficiency in the mathematical domains explored in these problems. 
Instead, the qualitative analysis of these actions indicates a consistent pattern in Spanish 
where students tended to involve their partners in the generation of these actions, which 
resulted in more and richer actions in this language. In fact, attaching the word together 
to each productive action in Table 3 gives a better idea of the social and collaborative 
nature of these actions. In English, in contrast, students tended to frame actions 
individually and impersonally, therefore excluding the partners and the possibility of 
producing more of these actions. But more important than the different frequencies of 
actions in each language is how students framed these actions in English and Spanish. In 





Framing Productive Actions Has Something to do with Using English or Spanish 
To show how students generated productive actions in English and Spanish, I 
selected one of these actions, namely Contribute Knowledge for Construction, because of  
its importance for grounding the mathematization process in personally meaningful 
knowledge. The contrasting way of framing this action in English versus Spanish is 
representative of how students framed the rest of the productive actions in each language. 
 Contribute Knowledge for Construction in English as an Individual Effort. 
In the next example, two students are solving in English the familiar experience 
problem of making different people by using 2 genders and 3 skin tones (see Table 3.1). 
One of them, Idania, supports her idea of “making as many people as you want” (lines 1-
3) with her knowledge that “everybody’s different” (line 15). However, she does not 
involve her partner in this idea. It is the interviewer who tries to involve Carlo in Idania’s 
contribution but to no avail (line 4). Being left alone with her individual contribution, 
Idania resorts to the text of the problem (lines 14-15) as a source to validate her idea that 
the interviewer is challenging (lines 7-11). However valid, her contribution in English is 










Students Contribute Knowledge for Construction in English 
1   HD: OK, so Idania’s idea is you can make as many              
2   as you want. 
3   Idania: Yeah. 
HD revoices Idania’s idea to 
make it more public. Idania 
confirms idea. 
4   HD: And that makes sense, right?  
(Carlo shrugs  shoulders).  
HD tries to involve Carlo in 
Idania’s contribution, but 
Carlo stays uninvolved. 
5   HD: You can make a bunch of different people, right? 
6   Idania: Yeah. 
HD returns to Idania with her 
idea. She confirms the idea. 
7   HD: But again the question is how many different  
8  people can you create? (They are looking at  
9  screen) When you say you can make as many as  
10  you want, to me Idania that means any number.  
11  Idania: Yeah. 
HD challenges Idania’s idea. 
Idania is still responding in 
same manner. 
12  HD: I can make 10, 20, 30, I can make 100, I can   
13  make 200. Is that what you’re trying to say? 
HD elaborates on the 
challenge, asking Idania if 
that’s what she means. 
14  Idania: Yeah, because it says here (points to screen) 
15  different people, well, everybody’s different. 
Idania refers to problem to 
validate her idea. 
 
Contribute Knowledge for Construction in Spanish as a Collective Effort. 
 
In the next example, two students are solving in Spanish the familiar experience 
problem of how many egg cartons to open for a school breakfast of 400 students (see 
Table 3.2). First Mapita starts explaining the problem in her own words (lines 1-5). Then 
Mike suggests a vague strategy, to divide (line 7) which Mapita acknowledges. Then she 
begins to add specificity to the strategy and then Mike finishes the specification, which 
Mapita confirms (line 10). When I ask for a reason for the strategy (line 11), they again 
finish each other reasons (lines 12-17) in a process that makes the contribution a 





Students Contribute Knowledge for Construction in Spanish 
1   HD: A ver, ¿de qué se trata? 
2   Mapita (hand holding pencil in mouth): De que, en la  
3   cafeteria que hace uh cuatros-, quiere hacer huevos  
4   revueltos para 400 niños, y quiere saber cuántos  
5   cartones de huevo tiene que abrir. 
Mapita explains problem in 
her own words. 
6   HD: ¿Y entonces cómo lo van a resolver? 
7   Mike: Dividiendo.  
8   HD: Dividiendo otra vez (as in last problem)?  
     (Mapita nods) 
Mike suggests a vague 
strategy that Mapita 
acknowledges. 
9   HD: ¿Y qué van a dividir esta vez? HD requests specificity. 
10  Mapita: 400 dividio por…{Mike: 12} uh-huh. Mapita begins 
specification; Mike 
finishes; she acknowledges.  
11  HD: ¿Por qué? HD requests justification of 
strategy. 
12  Mapita: Porque hay, [uh-huh, tiene 12] 
13  Mike:     [cartones de huevos, siempre  
14                                   tienen 12] 
15  Mike: Bueno no siempre pero,…{Mapita:  
16  Regularmente} pero, asi (gestures rectangular shape of 
17  carton of 12 eggs) regularmente si. 
Both students co-construct 




1   HD: Let’s see, what is this about? 
2   Mapita (hand holding pencil in mouth): That, in the  
3   cafeteria that makes uh four-, she wants to make  
4   scrambled eggs for four hundred kids, and she wants to  
5   know how many egg cartons she has to open. 
Mapita explains problem in 
her own words. 
6   HD: And so how are you going to solve it? 
7   Mike: Dividing.  
8   HD: Dividing again (as in last problem)?  
     (Mapita nods) 
Mike suggests a vague 
strategy that Mapita 
acknowledges. 
9   HD: And what are you going to divide this time? HD requests specificity. 
10  Mapita: 400 divided by…{Mike: 12} uh-huh. Mapita begins 
specification; Mike 
finishes; she acknowledges.  





12  Mapita: Because there are, [uh-huh, it has 12] 
13  Mike:                [egg cartons, always come  
14                                                in 12] 
15  Mike: Well not always but,…{Mapita:  
16  Regularly} but, like this (gestures rectangular shape of 
17  carton of 12 eggs) regularly, yes. 
Both students co-construct 
justification with their own 
knowledge. 
 
Framing Unproductive Actions Has Something to do with the Type of Problem 
Students did not always solve these problems in a productive manner. Some 
unproductive actions also occurred. These actions, however, occurred more often in 
unfamiliar experience problems than in familiar experience problems within each 
language. The higher frequencies of these actions associated with unfamiliar experience 
problems suggest that using these kinds of problems in Spanish and English can turn 
bilingual mathematization into a more unproductive and therefore frustrating process for 
students. Table 3.6 shows the frequencies of unproductive actions. 
Table 3.6 
Unproductive Actions for Mathematization  
English Spanish 
combinations measurement division 
 
Actions 
unfamiliar familiar unfamiliar familiar 
Declare inability for procedure 0 0 7 3 
Defend invalid procedures 17 12 33 12 
Explain by reviewing procedures 0 0 7 5 
Notice superficial similarity across two 
problems 
7 1 0 0 
TOTAL UNPRODUCTIVE ACTIONS 24 13 47 20 
 
As was the case with productive actions, unproductive actions occurred more 
often in Spanish than in English, indicating the students’ inclination to collectively frame 
more of these actions in Spanish, naturally resulting in more of them being produced.
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Framing Unproductive Actions Has Something to do with Using English or Spanish 
To show how students generated unproductive actions across English and 
Spanish, I selected one of these actions, namely Defend Invalid Procedures, because of 
the high incidence of unproductive actions associated with students’ inclination for 
procedures they could not execute successfully.  
Defend Invalid Procedures in English as an Individual Effort 
In the next example, two students are solving in English an unfamiliar experience 
problem about how many business cards are possible to make with 5 colors of paper, 3 
colors of ink, and 2 paper textures (see Table 3.1). As I (HD) noticed that both were 
adding the three quantities together, I requested a justification for this procedure (line 1). 
Instead of turning to her partner to try to justify this action, Santa relied on the wording of 
the problem as the source of justification for her individual action (lines 3-5). Table 3.7 
shows this episode. 
Table 3.7 
Students Defend an Invalid Procedure in English 
1  HD:          Why are you adding guys? Why 5+3+2?  
2  Dave:       Uh… 
HD asks students to justify 
their procedure. 
3  Santa:       Cause they want to know (turns to read 
4                   problem) how many different business  
5                   cards can the print shop make.  
Santa relies on words in 
problem to offer a 
justification. 
 
Defend Invalid Procedures in Spanish as a Collective Effort. 
 
In this example, two students are solving in Spanish the unfamiliar experience 
problem of how many packages of 30 plates are needed for a party of 500 people (see 
Table 3.2). One student ignores the restrictions associated with the referents (line 1) in  
 
 116 
order to execute procedures more easily (line 4). However, the student’s partner 
spontaneously challenges the meaning of her partner’s procedure on two different 
occasions (lines 3 and 5) therefore making her partner regain awareness of the referents 
(line 7). Table 3.8 shows this episode. 
Table 3.8 
Students Defend an Invalid Procedure in Spanish 
1  Dave:        Yo voy a sumar 30+470.  
2  HD:           [OK, síganle] 
Dave ignores restrictions 
from referents. 
3  Santa:         [¿Por qué?] (frowns)  Santa challenges meaning of 
Dave’s procedure. 
4  Dave:  Porque así me daría 500.  Dave shortchanges his 
justification. 
5  Santa:          ¿Y de dónde sacas los 470? 
                        (looking at Dave for a while)  
6  HD:  Uh-huh, ¿de dónde sale eso?  
Santa continues challenging 
Dave by further specifying a 
justification.   




1  Dave:  I’m going to add 30+470.  
2  HD:  [OK, keep going] 
Dave ignores restrictions 
from referents. 
3  Santa:          [Why?] (frowns)  Santa challenges meaning of 
Dave’s procedure. 
4  Dave:          Because that way it would give me 500. Dave shortchanges his 
justification. 
5  Santa:            And where are you getting the 470 from?  
6  HD:              Uh-huh, where is that coming from?  
Santa continues challenging 
Dave by further specifying a 
justification. 










Using What Matters to Students in Mathematics Problems 
 
In this study, I visited the homes of students to interview them and their parents 
about their interests outside the school. How a teacher obtains this kind of information 
about students is not the focus of this section but to advise teachers to better use this 
knowledge. The idea in using this knowledge in mathematics problems should not be 
considered as making problems more real. It simply means creating or adapting existing 
problems in ways that students can see their own experiences represented in the 
problems. As this study shows, experiences that matter to students served as the ground 
where students could stretch, extend, and push their mathematical thinking (Cameron, 
Hersch, & Fosnot, 2005).   
Teachers can practice this kind of meaningful problem-solving by considering 
these suggestions as they prepare or select problems for mathematical instruction: 
a) Write problems so that students can supply additional information not stated in 
the problem that they already know from their direct participation in a familiar 
experience. 
b) Use problems from curricular materials so as to leave the mathematics intact but 
the context more meaningful for students. 
c) Write problems in the language of the activity/experience the students are familiar 
with. 
d) Use stories that students read or write for other subject areas to create situations 
that students can mathematize. 
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e) Encourage the invention of models that represent the situation in a problem so 
students can anchor their talk about the problem solution in these models. 
These suggestions are intended as research tools for teachers who wish to explore the 
relationship between good problems and good problems solvers. As Lesh, Hoover, Hole, 
Kelly, and Post (2000) advise on this matter, “To develop problems that encourage 
students to base their solutions on extensions of their personal knowledge, the topics that 
work best tend to be those that fit the current local interests and experiences of 
specifically targeted groups of students” (p. 619). The rigor of challenging mathematics 
does not have to be divorced from what matters to students. This study shows the 

























This interview will elicit 3 areas of information for the participant students:  
I. Out-of-school activities in which they use math, without family participation. 
II. Out-of-school activities in which they use math, with family participation 
III. Language use in these activities 
The principal investigator will conduct each parent interview at the parent’s house, unless 




I. Describe some out-of-school activities, experiences, situations in which your 
child participates without the family being involved. As you think about these 
activities, consider whether your kid uses math in some way (it doesn’t have 
to be explicitly). Also describe the language (or languages) that your kid uses 
during these activities. 
 
 
II. Describe some out-of-school activities, experiences, situations in which your 
child participates but this time with the family being involved. As you think 
about these activities, consider whether your kid uses math in some way (it 
doesn’t have to be explicitly). Also describe the language (or languages) that 
your kid uses during these activities. 
 
III. To your best knowledge, please indicate what language or languages your 
child speaks: 
a) at home with you 
b) at home with siblings 
c) at home with (other parent) 
d) at home with other relatives 
e) at school 
f) in the math class 
g) when he/she is doing math homework 














Also conducted at the child’s home, this interview will elicit additional information about 
artifacts that the child uses regularly and for whose use the child may, knowingly or not, 
engage significant mathematical knowledge. 
 
Interview Protocol 
In Spanish, the home language of the students, I will ask both the parent and the child to 
think for a moment about an object or artifact that the child uses regularly. Once they 
identify this object, ask the following questions: 
 
a. Where do you use it? 
b. How did you learn how to use it? 
c. Can you show me how you use it? 
d. Who else do you think uses this object? 
e. Do you think everyone who uses it does it like you use it? 
 
Repeat question 1 two more times for a total of 3 identified artifacts. Allow the parent 
and the child to identify more than 3 or less than 3 artifacts if they wish to do so. 
 
The purpose of this interview is to identify activities that are significant for the child by 
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